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Abstract 

The purpose of this thesis is to modify an energy balance atmospheric model created by 

R. Pierrehumbert (Pierrehumbert 2011). His energy balance model gave an estimate of 

Gliese 581g’s, a tidally locked exoplanet, atmosphere. Using an energy balance model, 

the surface and air temperatures can be found for a planet in equilibrium, when the 

amount incoming energy is equal to the amount of outgoing energy. Starting from 

Pierrehumbert’s model, we have added for a greenhouse effect and an ice-albedo 

feedback. We have also modified the model to test a rotating planet (similar to Earth) in 

addition to a tidally locked planet. This model, by varying the planet’s surface pressure, 

stellar flux, and the atmosphere's emissivity, can find which conditions leads to the 

planet having the temperatures needed to support liquid water. Surface pressure affects 

how efficient the planet is at redistributing heat leading to uniform temperatures across 

its surface. As the incoming stellar flux or the emissivity increase, the planet’s surface 

temperatures rise due the increase in absorbed energy from the planet’s surface. We 

have also found that the orbital distances that are able to support liquid water depend 

heavily on the pressure of the planet’s atmosphere. In future work, this model will 

produce the planet’s IR emission to determine if the planet is detectable using 

telescopes like the James Webb Space Telescope.  
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Section 1: Introduction 

Exoplanets have been fascinating the world for decades. The first exoplanet, HD 

114762, was discovered in 1989 by David W. Latham (Latham et al. 1989). Since then, 

more than 3000 exoplanets have been confirmed. Many techniques have been used to 

discover these exotic worlds. Planetary transits and radial velocity measurements are 

just a couple of the possible techniques. Using these methods, we can learn about more 

than the existence of an exoplanet. The planet’s mass, radius, orbital distance, and 

atmosphere are all very important if we hope to understand these distant worlds. From 

observations, we are able to set constraints on all of these values. 

1.1 - Detection Methods & Measurable Values 

1.1.1 - Transits and Atmospheric Composition - HD 209458b 

The transit method occurs when a planet appears to pass in front of its star. As it 

passes in front of the star, the planet blocks some amount of starlight. The first observed 

planetary transit was the exoplanet HD 209458b, a Jupiter-like exoplanet that is very 

close to its star (~0.05Au). (Charbonneau et al. 2000). This planet was originally 

discovered using a radial velocity method, but Charbonneau et al. was able to detect the 

slight decrease in the star’s brightness. HD 409458b decreased the star’s brightness to 

0.985 that of the star’s normal brightness. This dimming occurred roughly every 3.5 

days, which is same period of the orbiting planet, leading to conclusion that the observed 

effect was caused by HD 409458b.  

While in transit, some of the starlight passes through the exoplanet’s 

atmosphere. Some wavelengths of light are absorbed by the atmosphere, leaving a 

spectral fingerprint of the atmosphere on the star’s spectra.  In 2002, Charbonneau et al. 
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announced that they had detected the spectral fingerprint from HD 209458b’s 

atmosphere. At 589.3 nm, they detected a decrease of (2.32±0.57) x10-4 corresponding 

to a sodium feature. Using the transit method, they were able to detect that in the 

atmosphere of HD 209458b there was sodium. This method works best for large gas 

giants, like HD 209458b. While the technique will be the same for terrestrial planets, their 

atmospheres are not large enough to leave a detectable change with our current 

technology. 

1.1.2 - Secondary Eclipse and Temperature Difference Detection - HD 189733b 

In 2007, Knutson et al. observed HD 189733, another Hot Jupiter, using the 

Spitzer Space Telescope. They observed a change in brightness due to an exoplanet. 

Over the course of a 3.4 day period, they were able to detect a brightness shift of ±1.5%. 

They also found drops corresponding to the planet’s transit and secondary eclipse of the 

star. Due to HD 1889773’s proximity to its star, it is most likely tidally locked (Knutson et 

al. 2007). Tidally locked planets have a rotational period (a day) that is equal to their 

orbital period (a year). A result from tidally locking is that these planet have one side that 

always faces toward their star. For example, the Moon is tidally locked to the Earth which 

is why we always see the same side of the moon. When tidally locked, planets will have 

a hot dayside and a cold night side. When near transit, HD 189773b’s dark night side is 

facing us, adding little to the star’s observed brightness. As the planet swings around the 

star, the bright dayside points toward us, adding a significant amount to the observed 

brightness. It is this variation in observed brightnesses that leads to the ±1.5% that 

Knutson et al. detected.  
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Figure 1.1: Figure from Kopparapu et al. 2013. This graph describes the amount of 
incoming stellar energy (relative to the solar flux received from the Sun) compared to 
the star’s effective temperature. Planet’s within the green band are likely to support 
liquid water, like Earth or Gliese 581g.  

Since HD 189733b is tidally locked, we would expect a large temperature 

difference between the day and night side. Even though Knutson et al. detected a 

change in ~350 K, without an atmosphere to redistribute heat, the temperature 

difference would be much larger. The observed temperature difference implies there 

exists an atmosphere that allows a transfer of heat from the day to the night side, 

reducing the temperature difference. Even though HD 189733b is a gas giant, the 

temperature difference proves that we are able to directly measure the temperature 

difference between the day and night side of tidally locked exoplanets, which leads to a 

rough understanding of the planet’s atmosphere. 
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Figure 1.2: Figure from Kopparapu et al. (2013). Many of the discovered exoplanets 
that have been discovered have not been Earth mass planets. Gliese 581g is 3.1 M⊕ 
and is situated in the habitable zone, defined by the shaded region. 

1.1.3 - Radial Velocity Method and the Mass, Radius, and Period - Gliese 581g 

The radial velocity method can be used to estimate a planet’s mass, period, and 

orbital distance. When a planet orbits around a star, they actually orbit around their 

center of mass. This means that the star slightly wobbles, which can be detected thanks 

to the doppler effect. This wobble is cyclic, telling us the orbital period of the planet. The 

orbital distance is then related to this period. Also, the strength of wobble lets us 

approximate how massive the planet is relative to its star.  

Using this method, Gliese 581g (GJ 581g) was discovered (Vogt et al. 2010). 

They determined that this planet has a minimum mass of 3.1 M⊕ and a period of 36.6 

days (Table 2). This period corresponds with an orbital distance of 0.146 AU. GJ 581 
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Table 1: Properties of 
Gliese 581 

Mass (MSun) 0.31  

Radius (RSun) 0.3 

Luminosity (LSun) 0.0013 

Spectral Class M3V 

Teff (K) 3500 

Age (Gyrs) 7-11 

Distance (Pc) 6.3 

From Bonfils et al. 2005 
 

has a luminosity of 0.0013 L☉ (Table 1) (Bonfils et al. 2005; Urdy et al. 2007; Mayor et al. 

2009; Vogt et al. 2010). It turns out that at that brightness, GJ 581g’s orbit is located in 

its star’s Habitable Zone (see the purple diamond on Figure 1.1) (Vogt et al. 2010; Bloh 

et al. 2011; Kopparapu et al. 2013). 

1.2 - What is the Habitable Zone? 

The Habitable Zone (HZ) is the range of orbital distances where liquid water may 

exist on the planet’s surface. For example, the Earth is located within the HZ, allowing 

for our liquid oceans. However, the Moon, which is at the same orbital distance, has no 

liquid water. Unlike the Earth, the Moon has no atmosphere causing any water to either 

freeze or evaporate away. Being at the right distance from a star is not enough to 

support liquid water (Kasting et al. 1993, Selsis et al. 2007). A planet must also have an 

atmosphere that supports liquid water. The HZ then must be the range of orbital distance 

that supports liquid water, assuming the ideal atmospheric conditions. Figures 1.1 and 
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1.2 show the expected HZ for some of the discovered exoplanets. This does not meant 

that each planet has water, only that they are likely to have water under ideal conditions. 

1.3 - Previous Atmospheric Models 

Using what we have learned from observation, we can create models that will 

simulate what the exoplanet is like. Just because a planet exist in the HZ of its star, that 

does not imply that there is liquid water, but the possibility that it could exist under the 

right conditions. Mars is thought to be just inside the sun’s HZ (Forget and Pierrehumbert 

1997; Kopparapu 2013), but it lacks the atmosphere necessary to maintain liquid water. 

To better understand a planet’s climate, atmospheric models allow us to estimate the 

planet’s possible climate states. One such model is a Global Climate Models (GCMs). 

These are descriptive atmospheric models that are typically used when investigating 

exoplanetary atmospheres (e.g., Joshi et al. 1997; Merlis and Schneider 2010; Selsis et 

al. 2011; Kaspi and Showman 2015; Checlair et al. 2017). As the model becomes more 

representative of a planet’s atmosphere, their complexity grows.  

Using a GCM, Merlis and Schneider (2010) investigated an Earth-like water 

world. They compared the atmospheric circulation between a slowly rotating (1 year) and 

a rapidly rotating (1 day) tidally locked exoplanet. They demonstrated that the 

atmospheric circulation was different between the two planets. The slowly rotating planet 

has the wind speeds decreasing uniformly as you radiated away from the subsolar point 

while the rapidly rotating planet has air flowing in horizontal bands around the planet. 

Interestingly enough, the amount of heat transferred between the dayside and night side 

was similar for both cases.  
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Table 2: Properties of 
Gliese 581g 

Mass (MEarth) 3.1-4.3 

Radius (REarth) 1.3-1.5 

Period (Days) 36.6 

Distance (Au) 0.146 

From Vogt et al. 2010 
 

GCMs not only model the atmospheric circulation on the planet, but can be used 

to find the surface temperatures over a planet. Selsis et al. (2011) used a GCM to model 

the temperature difference that was seen with planets like HD 189733b. Their model was 

complex enough to provide air and surface temperatures at each position on their planet. 

That data was used to model how much energy each position emitted at a certain 

wavelength. Using this information, they were able to recreate the thermal curves and 

spectra from this hypothetical planet. With the right conditions, they could produce a 

spectra of any exoplanet, which would allow us to see if they were detectable with a 

telescope, like the James Webb Space Telescope. 

While GCMs are incredibly useful, they are very complex and typically require 

supercomputers and still require days to weeks of run time to produce results. However, 

GCMs are not the only type of climate model that exist. Energy Balance models provide 

a broad understanding of a planet’s atmosphere. What Energy Balance models lose in 

complexity, they gain in simplicity and short run times while still providing a decent 

overview of the planet's climate. However, few scholarly papers have used Energy  
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Balances, opting for the much more descriptive GCMs.  

1.4 - Looking at Eyeball Earths 

GJ 581g is located within the HZ, making it a good candidate to support liquid 

water and life as we know it (Vogt et al. 2010). There have been no observations of this 

planet’s atmosphere so Pierrehumbert (2011) developed a climate model to better 

understand the possible climates of this world. He defines a simple energy balance that 

he calls the Weak Temperature Gradient (WTG) Energy Balance Model (Section 2). At 

GJ 581g’s orbital distance (Table 2), the planet is most likely tidally locked is to its star, it 

is assumed that this planet is tidally locked. Tidally locked planets rotate slowly (~36.6 

days for GJ 581g). This slow rotation rate leads to a very weak coriolis effect which leads 

to an efficient heat transport along the atmosphere. The WTG assumption allows us to 

approximate that the planet’s atmosphere has a constant temperature over the planet’s 

surface.  

The WTG Energy Balance is a simplified atmospheric model, only accounting for 

incoming solar energy, emitted thermal energy, and a basic heat transport. To get a 

better understanding of the planet’s climate, Pierrehumbert (2011) modeled the 

atmosphere with FOAM (a complex 3D GCM) with features such as, atmospheric 

dynamics, a hydrological cycle (allowing for moisture in the atmosphere), and cloud 

formation. They assumed the planet started with a thick ice shell  (Pierrehumbert 2011; 

Bloh et al. 2011). Using this model, they found that under certain conditions, the ice near 

the subsolar point melted into an ocean. They named this an eyeball state, since the 

open water makes the planet look like an eyeball that it always staring at its star (Figure 

1.2).  
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Figure 1.3: The tidally locked planet (left) has one side always facing toward its star. 
This side receives more starlight creating an ocean that always points toward the star. 
This has the result of making the planet look like an eyeball. The rotating planet (right) 
has large bands of water on latitude lines surrounding the equator 

Pierrehumbert’s WTG Energy Balance Model is valid for a perfectly 

transparent atmosphere, so it cannot absorb or emit energy. This is not always the case. 

To get a better understanding of an exoplanet’s atmosphere, we will modify his model to 

account for a greenhouse effect and an ice-albedo feedback. The greenhouse effect will 

allow the atmosphere to absorb and emit energy, increasing heat transport and the 

average surface temperature. The ice-albedo feedback allows for ice to melt and the 

creation of large oceans, similar to Pierrehumbert’s eyeball planet. While our model will 

not be as advanced as a GCM, it will be more descriptive than their Energy Balance 

Model. It will also provide the planet’s surface temperatures at every position over the 

planet, allowing for us to find the amount of emitted IR radiation from the planet. 

Knowing this amount will allow for us to determine if telescopes, such as the James 

Webb Space Telescope, are able to detect this planet, in the same way as was done for 

HD 189733b.  
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During this thesis, we will be using GJ 581g as a test case. This planet has been 

a source of interest since it was discovered (e.g.,Kopparau et al. 2013; Bloh et al. 2011; 

Pierrehumbert 2011) due to its location in the habitable zone, its similarity to Earth’s 

mass and its likelihood to be tidally locked. Even though we will be working closely with 

this planet, the model is general enough to be applied to any terrestrial planet with a 

relatively thin atmosphere. This model will not work for planets with thick atmospheres, 

like Jupiter or Venus.  
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Section 2: Weak Temperature Gradient Energy Balance Model 

Pierrehumbert’s WTG Energy Balance model requires a few basic concepts to 

understand how the model work. This section discusses what energy balances are and 

why they are useful for understanding a planet’s atmosphere. A planet receives energy 

from its star, and emits thermal energy. When these incoming and outgoing energies are 

balanced, the planet enters into an equilibrium state. Equilibrium states are nice to work 

with because they do not vary over time, showing us a steady state of the planet’s 

atmosphere. These states can exist as either stable or unstable equilibrium, which will 

also be discussed later in this section.  

As we saw from Section 1.2, whether a planet has water depends on how much 

energy the planet receives from its star and the planet’s atmosphere. From observations, 

we can approximate how much energy GJ 581g receives from its star, but there have 

been no observations of its atmosphere. Thus, presence of water depends solely on 

581g’s atmosphere. There are a few things we must know before we can attempt to 

understand a planet’s atmosphere and what conditions are even valid climates.  

2.1 - What is an Energy Balance? 

A planet’s atmosphere is in balance when the amount of energy received from 

the star is equal to the amount of thermal energy emitted from the planet. With equal 

amounts of incoming and outgoing energy, the climate of the planet will not change.  

Energy In = Energy Out 

Imagine a cup of hot coffee in a cool room. At first it is piping hot, but over time it 

will cool down. The coffee is hotter than the room so the cup is radiating heat into the 
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room. This state is not in equilibrium, since the cup’s temperature is changing over time. 

However, by emitting away its energy, the drink cools off. After a few hours, you realized 

that you forgot the coffee and now the drink is the same temperature as the room. Now 

the amount of energy radiated from the cup is equal to the amount of energy entering 

the cup. It has reached a steady state. Since it is in equilibrium, it will remain the same 

temperature, regardless of when you observe it. 

Being in equilibrium is not the only requirement for a valid climate state. The 

equilibrium must also be stable. Equilibrium deals with whether there is a balance of 

incoming and outgoing energy, while stability deals with what happens when the planet’s 

equilibrium is disrupted slightly. When at a stable state, after a small disturbance the 

planet will return to it original state. When at an unstable equilibrium, any slight 

disturbance will lead to a climate that “runs” away from the original state.  

Think about trying balancing a cone. When balancing the cone on its base, after 

a tiny push, the cone returns to balancing on its base. The cone’s base is a stable, 

balanced state. On the other hand, Trying to balance the cone on its tip is almost 

impossible. Even if you do manage to balance it, any slight push, touch, or even blowing 

on it will cause it tip over. Balancing a cone on its tip is an unstable state. This state is 

unstable because after the disturbance from equilibrium, the cone did not return to being 

balanced on its tip, opting to fall over instead. 

Let’s use the current day Earth as an example of stable equilibrium states. By 

receiving too much energy, the Earth’s surface will warm, causing more thermal radiation 

from the planet. The increased radiation then reduces the temperature back to 

equilibrium. This stabilizing climate produces a steady climate, which life may need to  
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Figure 2.1: This figure describes Pierrehumbert’s energy balance model set up at 
some position on the planet’s surface. This accounts for the incoming stellar energy, 
the surface’s thermal energy and the turbulent mixing from the atmosphere. The 
direction of the arrows shows the direction of the energy flow. 

exist. However, the Earth has multiple equilibrium states or multiple different climates 

where the energies are balanced. However, one of these equilibrium states is unstable. 

In this state, any slight temperature increase leads the system to an increase in 

absorbed stellar energy, which increases the temperature even more. As the planet gets 

hotter, it absorbs more energy until it settles on the next equilibrium position. We do not 

need to focus on these states because the planet moves away from this state fairly 

quickly and such a state will rarely be observed. Thus, we only need to focus on the 

planet’s stable equilibria.  
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In this section, we defined what an energy balance is and what it means for the 

energy balance to be stable. We also learned that a planet cannot exist in an unstable 

state for long. Finding which climates are unstable will be in Section 4.2. In the next 

section we will work out how to find how much solar energy a planet receives and how 

much thermal energy it emits.  

2.2 - The Weak Temperature Gradient Energy Balance Model 

In the previous section we defined what an energy balance is and when they are 

stable. In this section we will discuss what the incoming and outgoing energies are. 

Pierrehumbert’s model accounts for incoming energy from the star, outgoing thermal 

energy from the surface and heat transport due to a transparent atmosphere (Figure 

2.1). Pierrehumbert’s paper defines the resulting equation as the WTG Energy Balance 

model. We will make this model more representative by adding an atmosphere with a 

greenhouse effect and ice-albedo feedback.  

2.2.1 - Incoming Solar Energy 

Any patch on the planet surface intercepts some amount of light from the star. 

That amount of light depends on how bright the star is and how far away the planet is 

from the star. Up close, a lightbulb is painfully bright, but it does not appear as bright 

from far away. We can think of light radiating in spherical shells centered on the light 

source. As a shell gets bigger, its area gets larger by the square of its radius. To keep 

the total energy constant, the energy per unit area must decrease as the inverse square 

of the distance from the source, known as the Inverse Square Law. The amount of 

energy per unit area of the spherical shell is the star’s stellar flux. A brighter star would 

output more total energy, increasing the energy per unit area of the shell. 
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Figure 2.2: In this model, the surface temperatures varies as a function of position (θ). 
The antisolar point is at θ=-90°, the terminator is at θ=0°, and the subsolar point is at 
θ=+90°. From the weak temperature gradient, the air temperature is constant over the 
planet’s surface.  

However, as we see from Earth, different locations receive different amounts of 

energy. The equator receives a lot of solar energy, keeping temperatures high all year 

round. The arctic, on the other hand, receives very little energy, leading to low 

temperatures throughout the year. We know that the amount of energy received 

depends on the area that intercepts the star’s light. Since the sun’s rays approach the 

arctic edge on, that position intercepts very little stellar energy.  

At the subsolar point, the starlight is perpendicular to the planet’s surface, 

intercepting a large amount of light. Each location on the planet can be assigned a value 

depending on the angle between the horizon and the incoming starlight (Figures 2.2 and 

2.3). This angle is the same as the altitude of the star from that location.Since the star 

does not move in the sky on tidally locked planets, there are bands of equal altitude,  
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Figure 2.3: At a position (θ) on the planet (Figure 2.2), the amount of star light 
intercepted by the surface is the cross sectional area of the surface. Since the planet 
is spherical, each position will have a different cross sectional area. At the subsolar 
point, the incoming light is perpendicular to the surface, so it has a large area. At the 
terminator, the light rays are parallel to the surface, so it has no cross sectional area. 

which are similar to Earth’s latitude lines. The only difference between these bands and 

latitude line are the central axis of the bands is directed toward the star, rather than the 

planet’s rotational axis. Since the starlight makes the same angle at each point along a 

band, any point with that angle must then receive the same amount of solar energy.  

The amount of stellar flux that some position receives depends on how much star 

light it intercepts (Figure 2.3). The perpendicular component to the incoming star light is 

the sine of the position on the planet. Thus to find how much energy any position 

receives, we can use the following formula.  

Maximum Solar Radiation (at position θ) = sinθF star For θ > 0 

Maximum Solar Radiation (at position θ) = 0    For θ < 0 

It is important to note that if theta is less than zero, then the star is below the horizon. 

When this happens, then the surface receives no energy. This equation then reduces to 

0 for positions between 0° and -90°.  

This equation gives the the maximum value that some position could receive, but 

not the actual amount absorbed at that position. Depending on the planet’s surface 

material, it can reflect some of the star’s light. Dark objects absorb more energy than 
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light colors do. During the summer, you can barely walk on hot, dark asphalt but you can 

walk on warm, light sand on the beach. The reflectivity of a surface is given by the 

materials albedo. A surface’s reflectivity is a number between 0 and 1, which is the 

fraction of light reflected. So a surface that has an albedo of 1 reflects 100% of light that 

it receives. So we know that the amount of solar energy reflected is, 

 Reflected Solar Radiation = (F sinθ)α star  

Since that percentage of light was reflected, it can’t be absorbed by the planet. That 

means that the percentage of light that is absorbed is (1-α). Thus we find that the 

absorbed solar radiation is, 

Incoming Solar Radiation = 1 )(F sinθ)( − α star  For θ > 0 (A) 

Incoming Solar Radiation = 0   For θ < 0  

Snow and Ice have fairly high albedos, about 0.7. On the other hand, water has an 

albedo of about 0.1. That means that large sections of water will absorb more light than 

regions of ice. For this model we will want to make the albedo a function of the surface 

temperature. Such a function will be discussed in the Section 3.  

2.2.2 - Emitted Thermal Energy 

Now that we found how much energy a patch of the planet’s surface absorbs, we 

can find how much thermal radiation that patch emits. The thermal radiation of an object 

can be described using the Stefan-Boltzmann’s law. 

Emitted Thermal Flow = σTε 4  

Where T is the object’s temperature, σ is the Stefan-Boltzmann constant, and ε is the 

object emissivity. The emissivity is the percentage of energy that an object emits relative 
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to a perfect emitter, also know as a blackbody. For this model, we will assume that the 

planet’s surface behaves like a blackbody, ε = 1. For some position on the planet, the 

amount of energy emitted is equal to, 

Emitted Thermal Energy Flow = T (θ)σ g
4 (B) 

When Equations A and B are combined, we get a simplistic surface temperature 

model. This model is only valid for a planet without an atmosphere. 

1 )(F sinθ) T (θ)( − α star = σ g
4 (1) 

Currently, this model still lacks any atmosphere. The addition of an atmosphere will allow 

for heat to be transported around the planet, just like on HD 198733b’s. Before that is 

added, we need to understand how adding an atmosphere affects how the planet’s 

energy balance works.  

Equation 1 describes the energy balance only at the surface of the planet. When 

the atmosphere is added, we must ensure that the incoming and outgoing energies are 

balanced at the top of the atmosphere (ToA). Unlike the surface energy balance, the 

ToA energy balance must be balanced over the entire planet. This gives us the equation, 

(1 )F sinθcosθdθ T cosθdθ∫
+90

−90
− α star = ∫

+90

−90
σ 4

g  (2) 

By integrating between -90° (antisolar point) to +90° (subsolar point) we summed over 

the entire planet. The inclusion of the cosθ term accounts for the relative areas of each 

band with similar values of theta.  
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2.2.3 - Turbulent Mixing 

The introduction of the atmosphere allows for energy to be transferred between 

the surface and the atmosphere. When there is a temperature difference between the 

surface and air temperatures, the atmosphere will redistribute some energy, reducing the 

temperature difference. This is Newton’s Law of Cooling. To visualize how this happens, 

let’s bring back the coffee cup example. The cup starts off piping hot in the room and 

ended as the same temperature as the room. At first, the coffee cools down rapidly. 

However, after a few minutes, it cools off enough to drink. You notice that it stays above 

room temperature for quite a bit of time, which is good for you because who likes room 

temperature coffee? Right after brewing, the difference in temperature between the 

coffee and the room is large and the cup loses energy rapidly. After some time, it cools 

enough to reduce the temperature difference and the coffee’s cooling slows down. From 

this observation, we assume that the rate that is transferred between the coffee and the 

room is proportional to their temperature difference. For our planet, we can assume that 

the amount of energy transfer to/from the surface must also depend on the difference 

between the ground temperature and the air temperature. We assume that this energy 

transfer takes the following form. 

Turbulent Mixing = (T (θ) )a g − T a (C) 

where Ta is the air temperature and  is a turbulent mixing coefficient. This termsa)  (  

depends on the,surface air density, average wind speed, and drag between the 

atmosphere and the ground. In Pierrehumbert’s model he defines this constant as, 

C C Ua = P s m
k Ta* p d   
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Figure 2.4: With the addition of a greenhouse effect, there are many more components 
to the incoming and outgoing energies. The atmosphere absorbs a percentage of the 
surface’s thermal energy. The atmosphere also emits a percentage of its energy both 
upward (out of the planet) and downward (toward the surface). 

We use the values that Pierrehumbert used during his study. These values are, 

- Molecular mass of Nitrogen molecule (m) = 4.650e-26 (kg) 

- Boltzmann constant (k) = 1.38066e-23 (J*K-1) 

- Specific heat of atmospheric gas (Cp) = 1039 (J*Kg-1*K-1) 

- Drag coefficient (Cd) = 0.0015 

- Typical surface wind speed (U) = 5 (m*s-1) 

Ps is the surface pressure of the atmosphere and Ta is the atmospheric temperature. 

For this model, surface pressure is one of the model’s parameters to observe how the 

thickness of the atmosphere affects the climate of the planet. Ta will be one of the 

solutions from this model. To understand how we calculate Ta (Section 3).  
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We can add Equation C into Equations 1 and 2, we get an updated set of energy 

balance equations.  

Surface Energy Balance: 

1 )(F inθ) T (θ) (T (θ) )( − α star * s = σ g
4 + a g − T a (3) 

ToA Energy Balance: 

(1 )F sinθcosθdθ T cosθdθ∫
+90

−90
− α star = ∫

+90

−90
σ g

 4 (4) 

If the turbulent mixing is positive, then it takes energy away from the surface, cooling the 

ground. When it is negative, it adds energy to the ground, increasing its temperature. 

Notice that that there is no turbulent mixing in the ToA energy balance. When this term is 

integrated over the planet’s surface, the sum of all of these gains/losses will always 

equal zero. With the inclusion of the turbulent mixing component, Equations 3 and 4 

describe Pierrehumbert’s WTG Energy Balance model (Figure 2.1). His model is 

satisfactory for a perfectly transparent atmosphere, but to better describe the planet’s 

climate, we must add in the ability for the atmosphere to absorb/emit energy. 

2.2.4 - The Greenhouse Effect 

A greenhouse effect allows energy emitted from the planet’s surface to be 

absorbed and emitted back to the planet’s surface. As energy is emitted from the 

planet’s surface, a portion of that energy is absorbed by the atmosphere, warming the 

atmosphere. The atmosphere also emits energy, but in all directions. Some of this 

energy is radiated from the planet and some is reabsorbed by the surface. Similar to the 

surface, the atmosphere now receives and emits energy (Figure 2.4). Since the air has a 

temperature, Ta, we can reuse the Stefan-Boltzmann’s law to find how much energy the  
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Figure 2.5: Equations A-F are used instead of labels from Figure 2.4. This figure 
allows us to visualize how the energy flows in this model. Dependant on how the 
energy flows through the ToA or surface boundaries will show if that energy is being 
absorbed or emitted. These equations are used to define our energy balance model, 
Equations 5 and 6 for tidally locked and Equations 7 and 8 for rotating planets. 

atmosphere emits. Unlike the surface, we are not assuming that the atmosphere is a 

blackbody. Accounting for emissivity, we find that the emitted energy from the 

atmosphere is,  

Atmospheric Energy Flow = σTε a
 4   (D) 

Since this energy is emitted in all directions, a portion is emitted toward the surface, as 

expected from a greenhouse effect.  
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The atmosphere also has some incoming energy to balance out its emitted 

energy. The surface of the planet is emitting energy, which up until now has been 

escaping into space. With the introduction of the greenhouse effect, some of that energy 

is getting absorbed by the atmosphere. We know how much energy the surface emits 

from Equation B, so how much of that energy gets absorbed? Due to Kirchhoff’s law of 

thermal radiation, the percentage of the energy something absorbs is the same as the 

percentage of energy that it emits, or its emissivity. So, the amount of energy the 

atmosphere absorbs from the surface is,  

Absorbed Thermal Energy Flow = σT (θ)ε g
4 (E) 

This means that not all the energy emitted from the surface is emitted from the planet 

which means that the amount of surface energy that escapes the planet is, 

Released Thermal Energy Flow = 1 )σT (θ)( − ε g
4 (F) 

With Equations A-F, we have accounted for each energy transfer in this model. 

All these equations are bit confusing so let’s update Figure 2.1 so we can see how the 

energy flows in this model (Figure 2.5). Finally we can build the final set of Energy 

Balance equations. 

Surface Energy Balance: 

1 )F sinθ σT T (θ) (T (θ) )( − α star + ε 4
a = σ g

4 + a g − T a (5) 

ToA Energy Balance: 

(1 )F sinθcosθdθ σT cosθdθ (1 )σT cosθdθ∫
+90

−90
− α star =  ∫

+90

−90
ε a

 4 + ∫
+90

−90
− ε g

 4 (6) 

As mentioned before, the ToA energy balance is integrated between -90° and +90° so it 

covers the entire planet. To verify these equations are equal to those from 
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Pierrehumbert’s, we can set ε = 0 to return to a transparent atmosphere. By doing this 

the atmospheric terms drop out making the equations equal to Equations 3 and 4. Thus, 

when looking at a transparent  atmosphere, these equations return to Pierrehumbert’s 

weak temperature gradient energy balance model. 

2.2.5 - Non Tidally Locked Planet 

To make this model applicable to many different types of planets, we added in an 

ability that allows the planet to rotate as if it were not tidally locked. To simplify this code, 

we only consider the case where the planet’s rotational axis is perpendicular to the plane 

of its rotation, unlike Earth which has a 23.5° tilt relative to the perpendicular.  

For a tidally locked planet we define that theta was the altitude of the star at that 

location. On a rotating planet, the star is not fixed in the sky, but travels across the sky 

throughout the day. We must then define a new theta for this case. We adopt the the 

idea of latitude for this case. At the equator, which is similar to the subsolar point, the 

latitude is 0°. At north and south poles, the latitude is +90° and -90°, respectively (Figure 

2.6). In the same fashion as the tidally locked planet, at the equator, the surface is 

perpendicular to the surface and at the pole it is parallel. With this new theta we can then 

define Equation A to be, 

Incoming Solar Radiation = 1 )(F osθ)( − α star * c (A) 

This value over estimates how much energy each latitude line receives. At noon, the sun 

reaches its highest point in the sky. At this time, for a tiltless planet, the sun has an  
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Figure 2.6: In this model, the surface temperatures vary as a function of position (θ). 
The South pole is at θ=-90°, the equator is at θ=0°, and the south pole is at θ=+90°. 
From the weak temperature gradient, the air temperature is constant over the planet’s 
surface. While this approximation is valid for a tidally locked planet, it overestimates 
the heat transport for a rotating planet. 

altitude equal to 90°-the latitude. However, at sunrise/sunset the sun’s altitude is much 

lower than its maximum, which means this position is not receiving as much light. When 

you account for this decrease, it comes out to a reduction of exactly (1/π), giving us 

these surface and ToA Energy Balance equations, 

Surface Energy Balance: 

(1 )F cosθ σT T (θ) (T (θ) )π
1 − α star + ε 4

a = σ g
4 + a g − T a (7) 

ToA Energy Balance: 

(1 )F cosθcosθdθ σT cosθdθ (1 )σT cosθdθ∫
+90

−90
π
1 − α star =  ∫

+90

−90
ε a

 4 + ∫
+90

−90
− ε g

 4 (8) 
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When setting up this model, we made a Weak Temperature Gradient (WTG) 

assumption that allowed us to assume the atmospheric temperature was constant over 

the surface. Since a tidally locked planet has a slow rotational period, this leads to the 

WTG being a decent approximation. However, when applied to a non-rotating planet, the 

rotational period is no longer slow enough for the WTG to be a valid assumption. To 

keep the model simple, the WTG approximation is still used for the rotating planet. That 

means that any solution that we receive has over estimated the amount of heat transport 

performed by the atmosphere. Temperatures near the pole are higher than they should 

be and temperatures near the equator are lower than they would be.  
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Section 3: Methods 

3.1 - Solving for Ta and Tg(θ) 

In the previous section, we derived our WTG energy balance model, which is 

described using Equations 5 and 6 for a tidally locked planet and Equations 7 and 8 for a 

rotating planet. In this section, we will describe how we will solve for the ground 

temperature (Tg) and the atmospheric temperature (Ta). Valid climates only occur under 

conditions when both of these equations are satisfied. By rearranging Equations 5 and 6, 

Ta and Tg will be together, so all unknowns will be on the same side (The same can be 

done for Equations 7 and 8 as well). 

Net_Surf_Flux1 )F sinθ σT T (θ) (T (θ) )]( − α
★

+ ε 4
a − [ g

4 + a g − T a = (9) 

Net_ToA_Flux(1 )F sinθcosθdθ σT cosθdθ (1 )σT cosθdθ]∫
 

 
− α ★ − [∫

 

 
ε 4

a + ∫
 

 
− ε 4

g = (10) 

When Net_Surf_Flux = 0, the amount of energy radiated onto the surface is equal to the 

energy emitted, satisfying our surface energy balance. When Net_ToA_Flux = 0, the 

amount of energy entering the planet is equal to the amount escaping the planet, 

satisfying the ToA energy balance. When both of these conditions are met, the planet is 

in a valid climate state.  

First let’s discuss how to satisfy the surface energy balance. In Equation 9, there 

are two unknowns, Tg(θ) and Ta. Due to the Weak Temperature Gradient (WTG), we 

are assuming the air temperature is constant. On the other hand, Tg(θ) has to depend 

on theta, since the surface is hotter near the subsolar point than at the terminator. 

However, solving for Net_Surf_Flux requires a value for Tg(θ) and Ta. For now, we 

make an initial approximation of the value of Ta. This value will be updated later using 

the ToA energy balance. With this approximate value of Ta, Net_Surf_Flux depends only 
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on the value of Tg(θ). Now we can find a value of Tg(θ) that makes Net_Surf_Flux = 0. 

To do this, we implement a Newton’s root finding method. 

3.1.1 - The Newton’s Method 

Given some function F(x), how do we find the values of x that make F(x) = 0? 

These values of x are called the roots of F(x). We can use a numerical method called a 

root finding method which approximate the roots of any function. They start with some 

initial guess for x and over many iterations, they converge on a root of F(x). The first root 

finding method we will look at is Newton’s method. This method starts with an arbitrary 

value of x that is close to the root. Using x, the updated value of x is found using the 

following equation. 

xNew = x − F (x)
F (x)′

 

where F(x) and F’(x) are the value of the function and its derivative evaluated at x. Then 

F(x) and F’(x) are evaluated at xNew. This process is iterated until F(xNew) is sufficiently 

close to zero.  

This method can be applied to the surface energy balance to solve for values of 

Tg(θ). To start, Tg is set to the arbitrary value 300 K. Then we use the Newton’s method 

to find a new value to Tg. This process is repeated until Net_Surf_Flux is less than 0.3 

W/m^2, which is a close enough approximation to zero. This procedure is then repeated 

for each theta, covering all positions on the planet. The surface energy balance is 

satisfied at every point on the surface, but we still do not know if the ToA energy balance 

is satisfied. Since we have an approximated value of Ta and found the values of Tg, we 
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can solve for the value of Net_ToA_Flux. Under the likely case that they are not equal, 

we will need another method to find the value of Ta that reduced Net_ToA_Flux.  

3.1.2 - The Secant Method 

Even though surface energy balance is satisfied, that does not mean the ToA 

energy balance will be satisfied. Since we found values of Tg for each position and 

made an initial guess for Ta, we can solve for Net_ToA_Flux. Calculating integrals is 

difficult but they can be approximated with finite summation. For each integral in 

Equation 9, their solution is approximated and the value of Net_ToA_Flux is calculated. It 

is unlikely that this value will be close to zero, since the value of Ta was randomly 

picked. We can use another root finding method though to find a value of Ta that does 

reduce Net _ToA_Flux down to zero. Even though Net_ToA_Flux depends on both Ta 

and Tg, Newton’s method shows us that Tg is actually a function of Ta. This means that 

Net_ToA_Flux is a function of just Ta. Thus, by applying another root finding method, we 

can find a Ta that satisfies Equation 9. However, we can’t use Newton’s method 

because the derivative of Equation 10 cannot be calculated. Instead, we used the secant 

method. 

The secant method is a very powerful method for solving for the roots of F(x) that 

does not rely on the function’s derivative. This method requires that you have two initial 

guesses, x1 and x2. Next, calculate the values of F(x1)  and F(x2). Then calculate the new 

value of x using the following formula. 

xNew = F (x )−F (x )2 1

(F (x ) x )−(F (x ) x )2 * 1 1 * 2  
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Then evaluate F(x) at this new value of x. Then set x1 = x2 and x2 = xNew and repeat this 

process. This will also be iterated until F(xNew) is sufficiently close to zero. 

By iterating this process on the ToA energy balance, Net_ToA_Flux is narrowed 

down until it is less than 0.5 W/m^2. There is one caveat though. Remember that 

Net_ToA_Flux depends on the values of Tg from Newton’s method. That relied on 

guessing a value of Ta for those temperatures. Whenever Ta is updated, the ground 

temperatures are no longer accurate and Newton’s method must be rerun to update the 

values of Tg(θ). By iterating this back and forth root finding process, the surface energy 

balance is satisfied at every value of Ta, while it slowly narrows down to a valid value of 

Ta.  

The previously mentioned process finds a single balanced climate state. As 

previously stated, a planet may have multiple climate states. The current day Earth has 

three. To find all the possible equilibrium states, this process has to run multiple times for 

different initial values of Ta. For this model we use about 20 sets of initial guesses. This 

provides a decent range where the roots could exist.  

3.2 - How does the Code Work? 

For the purpose of this model we define three parameters that will define the 

planetary conditions. These are: 

- Surface pressure (Ps) 

- Stellar flux (FStar) 

- Atmospheric emissivity (ε) 

Varying the surface pressure changes the thickness of atmosphere, changing the 

efficiency of heat redistribution. Varying the stellar flux changes either the star’s 

brightness or the planet’s orbital distance, recall the inverse square law. Finally, varying 
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the emissivity changes the atmosphere transparency and the strength of the greenhouse 

effect. There is also the fourth parameter (spin) that decides if the planet is tidally locked  

 

Figure 3.1: The balanced climates are solved for using the secant and newton’s 
methods. To follow how the code works, follow the arrows. For conditional arrows, 
answer the question (Yes or No) and proceed down that arrow. GroundTemp.m solves 
for the surface temperatures using the newton method over the entire planet and the 
Net_ToA_Flux. Roots.m runs the secant method until the value of Ta produces a 
balanced climate. Albedo.m finds the albedo of a position depending on the surface 
temperature.  

(spin = 0) or rotating (spin = 1). Thus from these conditions, the model can be general 

enough to describe a wide array of planets. 

This next section will focus on the functionality of the code in a bit more detail. 

This section is not necessary to read unless you are interested in how the model runs, 
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the technical problems, and how they were solved. We will be using Figure 3.1, and the 

methods described above as we go through the code. As you may see, the overarching 

feature of the model is repeating steps many times and slowly converging on the surface 

and air temperatures of balanced climates. The model’s code can be found in Appendix 

A and will be referenced as such (code filename, lines).  

3.2.1 - GroundTemp 

At the beginning of the flowchart, we approximate a value of Ta (Roots.m, 28-31). 

That value as well as the Ps, FStar, and ε are called with GroundTemp. At the first position 

(theta(i) when i=1), we assume the surface has a temperature of 300 K. The code then 

calculates the value of the incoming energy, which depends on if the planet is rotating 

and the albedo (GroundTemp.m, 59-71). The albedo depends on the current surface 

temperature (Tg(i)). Using Equation 9, Net_Surf_Flux and dNet_Surf_Flux, its derivative, 

are calculated and Tgnew is then calculated using the Newton’s method (GroundTemp.m, 

72-73). This process is encased in a while loop, which repeats the steps until a certain 

condition is reached. This loop runs until it reaches the condition that Net_Surf_Flux is 

less than 0.3 W/m2 (GroundTemp.m, 47-76). After that condition is met, we step the 

method to the next position on the surface (i=i+1). Lines 46-74 are then rerun until 

Net_Surf_Flux is less than 0.3 W/m2 for this new position. This continues until all 

positions have a corresponding surface temperature, after which the value of 

Net_ToA_Flux is calculated (GroundTemp.m, 78-82) and returned back to Roots.m 

Rarely, the Newton’s method will not reduce Net_Surf_Flux below 0.3 W/m2. If 

that happens, the while loop will never finish. To prevent this, the timer will break out of 

the loop after 0.05 seconds (GroundTemp.m, 44-57). If that happens, the surface 
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temperature is set to the temperature at the previous position. While not accurate, as the 

change in theta decrease, it becomes a decent approximation. This approximation is 

also not relevant after Ta is updated. After Ta is updated, the values of Tg must be 

updated too, removing the approximated value. 

3.2.2 - Albedo 

 After the value of Tg(i) is updated, the albedo must be updated (Figure 3.1). 

When frozen, the surface will be sea ice, which has an albedo of about 0.7. As for the 

ocean, water has an albedo of 0.1. This model uses an ocean albedo of 0.25 because 

we assume there will be scattered clouds above the surface, increasing the albedo 

slightly. Between these two regions, the albedo has a linear change, centered on the 

freezing point of water, at 273 K. 

3.2.3 - Roots 

The purpose of this function is to find all the roots of an Air Temperature Vs. 

Net_ToA_Flux graph (Figure 3.2). The previously mentioned function is what takes in a 

value of Ta and outputs the corresponding value of Net_ToA_Flux, in the same way a 

value of x corresponds to a certain value of F(x). GroundTemp.m is run for 2 values of 

the air temperature (Ta1 and Ta2) to produce their corresponding output values 

(Net_ToA_Flux1 and Net_ToA_Flux2). The secant method uses these values to 

calculate a new value of Ta (TaNew) (Roots.m 33-50). Using TaNew, we run 

GroundTemp.m again to get the updated value of Net_ToA_Flux. This process continues 

until the updated value of Net_ToA_FLux is less than 0.1 W/m2. The corresponding 

value of Ta defines a balanced climate state and is saved for use later in the code. After 
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a root is found, the entire process is run again with a new set of initial values for Ta1 and 

Ta2 (Roots.m, 27-51). 

 

Figure 3.2: When Net_ToA_Flux = 0, that air temperature corresponds to a climate in 
equilibrium (Gray circles). These curves are defined by Equations 5-8 and are solved 
using the secant method. 

The way the secant method works is by drawing a straight line between F(x1) 

and F(x2). The method then finds the value value of x where the line crosses the x-axis 

(which is simple for straight lines). This new value of x is just an approximate answer, but 

by using this new x, the method should step closer and closer to the root of the function. 

However, when F(x1) and F(x2) are nearly the same value, the line will be nearly 

horizontal and a new value of x will be off near infinity. This method may also get stuck in 

loops, never converging on a single answer. Due to these two reasons, this process has 

another timer that breaks out of the while loop after five seconds (Roots.m, 33-42). If the 

timer breaks out of the loop, no root will be saved, and the next set of initial air 
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temperatures will be run. Typically, there will be only one or three roots of this function. 

This model runs about 23 initial sets of temperatures which is plenty to find all possible 

roots. Losing one or two roots is acceptable if it means the model will finish running. 

After each set of initial values have returned a root, we will have a list of about 23 

roots, some of which will be copies of the same, due to the inaccuracies in the root 

finding method. To account for this, the model rounds all roots to the nearest degree and 

removes all other roots that rounds to the same number (Roots.m, 54-64). If you have 

the temperatures, 299.4 and 299.6, they will be rounded to 299 and 300, respectively, 

even though they would be the same root. In this case, the two numbers are averaged to 

299.5, which is saved as the final root (Roots.m, 66-73). For terrestrial planets, the 

temperature will never be below 0 K or above 1000 K so any temperatures beyond these 

ranges are removed (Roots.m, 77-80).  

3.2.4 - WTG_EBM 

Up until now, we have found all the roots for a certain set of planetary conditions 

(Ps, FStar, and ε). If we want to figure out a range of possible climate conditions, the 

model will need to be run multiple times. This function deals with managing all the 

different combinations of possible climate states. The Roots function returns the list of 

roots that correspond to the certain planetary condition from that trial. These conditions, 

as well as the roots are then saved and saved to memory on the computer. Then it calls 

the plotting function which extracts this data and produces the graphs of the surface 

temperature against position.  
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Figure 4.1: Surface Temperatures for each position on a rotating planet. As expected, 
the temperature increases when closer to the equator. There are three stable roots for 
this set of parameters. The outer climates (blue and yellow) are stable, and are 
comprised of either all ice or all water. The unstable climate (orange) has an open 
ocean near the equator. 
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Figure 4.2:  This NetFlux diagram corresponds to the graph from Figure 4.1. Notice 
that this function has 3 roots, corresponding to the three curves on the previous figure. 
The middle root is unstable since any change in Net_ToA_Flux leads to a state that 
runs away from the root. The outer roots are stable, since the planet settles back on 
the root after a change in Net_ToA_Flux. 
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Section 4: Results 

4.1 - The Model’s Output 

The model outputs a series of graphs based on the given parameters (surface 

pressure (Ps), stellar flux (Fstar), emissivity (ε) and the rotation). It would be useful to 

briefly discuss the output of this model. The data created from the model is then run 

through the plotting function. This outputs a graph of Surface Temperature Vs Position 

(Figure 4.1). Additionally, the model produces an Atmospheric Temperature Vs 

Net_ToA_Flux graph (referred to as a NetFlux diagram). Since there is a difference 

between the tidally locked and the rotating planet, we will need to discuss each one.  

Figure 4.3 describes the surface temperature at each position on a tidally locked 

planet. Referring back to Section 2.2.2, the antisolar point has a position of -90° and the 

subsolar point has a position of +90° (Figure 2.2). First, we see that the temperature is 

constant between -90° and 0°, due to no solar energy hitting this region. After that point, 

the surface temperatures increases corresponding to the amount of solar energy hitting 

that position. However, these 3 climates are not all the same. Notice that climate states 2 

and 3 have a sharp increase in temperature while climate 1 does not. This jump is 

caused by the reduced albedo from ice melt. That tell us that the first climate is 

completely frozen over, while the other two climates have large open pools, similar to 

Pierrehumbert’s eyeball earth planet.  

Unlike the tidally locked planet, the rotating planet behaves off Equations 7 and 

8. For a rotating planet, -90° refers to the south pole and +90° is at the north pole (Figure 

4.1). The rotating plant has no unlit side so every point on the planet receives some 

amount of energy throughout a rotation (Figure 2.6). The output of the function  
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Figure 4.3: Surface Temperatures for each position on a tidally locked planet. The 
surface temperature increases when moving closer to the subsolar point. Like the 
rotating case, there are three stable roots for this set of parameters. The stable cold 
climate (blue) is completely covered in ice, while the unstable (orange) and stable hot 
roots (yellow) both have eyeball climates. This shows that it is possible to achieve 
stable eyeball Earth climates using this model.  
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Figure 4.4: This NetFlux diagram corresponds to the graph from Figure 4.3. Notice 
that this function has 3 roots, corresponding to the three curves on the previous figure.  

matches this description. Surface temperature increases when moving toward the 

equator, just like it does on Earth. There are also sharp temperature spikes from the 2 

and 3 climate states, meaning that these climates support large ocean bands that 

surround the planet’s tropics.  

Up until now, we have only looked at the output of the function for a single set of 

Ps, Fstar, and ε. What happens when we want to test multiple climate states? All the 

different sets of planetary conditions will be plotted on the same graph (Figure 4.5). Each 

row will have a constant value of Ps and each column will have a constant value of Fstar. 
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All of the graphs will have constant value of ε. To vary emissivity, multiple runs of the 

code will be needed to produce multiple model outputs. 

4.2 - Identify Stable and Unstable Roots 

Another useful output from this model is the NetFlux diagrams (Atmospheric 

Temperature Vs Net_ToA_Flux graph). It is this function whose roots are found using the 

secant method (Section 3.1.2). Figures 4.2 and 4.4 have three roots, each 

corresponding to a climate in equilibrium, but there may be an unstable climate. At root 

1, a small increase in air temperature leads to a rise in ground temperatures and thus 

increase the amount of energy emitted from the planet. By outputting more energy, 

Net_ToA_Flux becomes negative, which matches the graph. When Net_ToA_Flux is 

negative, there is more outgoing energy, which causes temperatures to decrease, 

returning Ta back to equilibrium. The same argument can be made for root 3 to show 

that it is stable as well. Root 2 is where things change. As the air temperature increases, 

the planet, paradoxically, has an increase in Net_ToA_Flux. This increase then leads to 

more energy coming into the planet, raising Ta even more. When the planet is in this 

state, the climate is not stabilizing, like it was for roots 1 and 3. Thus the root in this 

region must be unstable. This region is different due to the ice-feedback loop. When 

temperature increases in this region, it causes some ice to melt. Since water has a 

reduced albedo, it can absorb more of the stellar energy, increasing the incoming 

energy. Thus in the ice melting region, a small change in Ta leads to an increased 

incoming energy, as we see from Figure 4.2 and 4.4. 
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Figure 4.5: When testing multiple parameters, the output will produce many graphs 
like Figures 4.1 and 4.3. Along each row, surface pressure is constant and along each 
column, stellar flux is constant. For all the graphs emissivity is constant, in this case 
emissivity = 1. 

4.3 - Changing the Model Parameters 

4.3.1 - What happens as Stellar Flux is Changed? 

Increasing stellar flux causes more incoming stellar energy. The surface receives 

more energy, heating up the ground and the atmosphere. This leads to a larger thermal 

output from the planet, returning the climate back to equilibrium. From Figures 4.6 and 

4.7, for a constant air temperature, the amount of incoming energy increases, which 

would increase surface and air temperatures. Due to the increased stellar energy, ice 

melts at lower air temperatures, reducing the air temperature needed to enter into the ice  
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Figure 4.6: Surface temperatures for a tidally locked planet, similar to Figure 4.3. The 
corresponding NetFlux diagrams are included below each graph. As the stellar flux is 
increased, the temperatures of the stable roots increases. At low values of Fstar, there 
is the cold root and at high values of Fstar there is only hot root. In between we observe 
the planet having multiple balanced climate states.  

 

 

 

Figure 4.7: Surface temperatures for a rotating planet, similar to Figure 4.4. See 
above. 
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Figure 4.8: As stellar flux is increased, there is a trend for the curve to shift up. There 
is an increase in incoming energy, raising Net_ToA_Flux at every air temperature. 
This also leads to the stable roots of this function shifting to warmer temperatures.  
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Figure 4.9: With the rotating planet, there is the same shift in the curves between 
different stellar fluxes. The rotating planet has a larger melting region than the tidally 
locked planet. This planet has a wider range of stellar fluxes than the tidally locked 
planet.  Notice that the parameters of these curves do not match the parameters from 
Figure 4.8. 

melting region. Thus, increasing stellar flux causes the planet’s surface temperatures to 

decrease, which is nonsensical.  

We can also see these results from the NetFlux diagrams. As stellar flux is 

increased, each position on the planet receives more solar energy, raising 

Net_ToA_Flux. Figures 4.8 and 4.9 show this vertical shift in the graph. The stable roots 

of this function occur at higher air temperatures, as expected. The graphs also show a 
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slight left shift of the turn off point into the ice melting region. This is caused by ice 

melting at lower air temperatures due to the increased absorption of stellar energy 

4.3.2 - What happens as Emissivity is Changed? 

Emissivity affects how much of the planet’s energy is absorbed and redirected 

back to the surface. In the previous graphs, we have been using an emissivity of 1. This 

assumes the planet absorbs all energy emitted from the surface. We will want to see 

how varying this value affects our results. Figure 4.10 shows that the emissivity has a big 

effect on the planet. All three graphs have only one root, but the surface temperatures 

vary quite a bit. With a low emissivity, the model has zero greenhouse effect, returning to 

Pierrehumbert’s energy balance model. We also noticed a large ocean covering most of 

the planet’s dayside. When the the greenhouse effect is increased, the transition 

between the the large pool and the ice becomes smoother. When increased to a perfect 

emitter, the atmosphere is warm enough to support keeping the nightside liquid even 

when no light hits this area.  

Another effect from increasing emissivity is from the increase in the amplitude of 

the “hump” on the NetFlux diagrams (Figure 4.11). The effect of emissivity is tied to the 

atmospheric temperature. When Ta is low, the effect from the emissivity is not 

substantial. By the time, the temperature reaches the “hump”, the air temperature is 

much higher. Thus, the effect from the emissivity is much larger. At low emissivities, the 

added effect of the atmosphere is small, keeping values of Net_ToA_Flux relatively low. 

For high emissivities, the added energy, both in and out, is greatly increased, leading to 

larger values of Net_ToA_Flux. 
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Figure 4.10: The strength of the greenhouse effect has a strong effect on the planet’s 
surface. When the atmosphere is transparent, the planet is in a stable eyeball 
condition. When emissivity is one, there is enough heat transport where the night side 
can become unfrozen. Aslo under this condition, the subsolar point is at the boiling 
point of water. 
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Figure 4.11: The change in emissivity has a larger effect when at higher air 
temperatures than at lower temperatures. Interestingly, the roots of these functions are 
all around the same temperature, which would not be the case if the functions were 
shifted down, allowing for multiple stable climates. These curves are not likely to 
cross, which seems to be an artifact of the plotting process. 

4.3.3 - What happens as Surface Pressure is Changed? 

A greater surface pressure makes the atmosphere better at transferring energy 

between positions on the planet. The hot subsolar region gives away energy making the 

colder nightside region rise in temperature. From Figures 4.12 and 4.13, the 

temperatures are more evened out. For low pressures, the lack of heat transport allows 

the subsolar/equatorial region to maintain high temperatures while the cold regions stay 

cold. When the atmosphere is thick, the increase in heat transport takes energy from the 

hot regions and warms up the colder regions. After changing stellar flux, the surface 
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temperatures shifted while a change in pressure caused no shift to the stable climates. It 

only averaged out the surface temperatures over the planet.  

Changing the surface pressure only affected the turning point on the NetFlux 

diagrams. Figures 4.14 and 4.15 show that as the pressure increases, the turn off point 

occurs at higher atmospheric temperatures. The increase in heat transport means that 

the subsolar region requires higher air temperatures before ice begins melting, causing 

the leftward shift of the turning point.  

When the atmosphere get thicker, the ice melting region becomes narrower and 

focuses in around the ice’s melting temperature. This signifies that this feature is caused 

by the ice-feedback loop. At low pressures, the subsolar region can melt, and melting 

occurs gradually as Ta is increased, making a wider ice melting region. At high 

pressures, the surface temperatures are averaged out. The air temperature must be 

fairly close to the melting temperature before any melting can occur. Since the 

temperatures are fairly well averaged, if one part melts, the rest of the planet is close to 

melting as well. This leads to the idea that a small change in Ta causes a large amount 

of ice to melt, which would explain why the ice melting region becomes narrower at 

higher pressures. 

Varying stellar flux and emissivity does not affect how wide the ice melting region 

is. These parameters only affect the height and the amplitude of the “hump” of the 

NetFlux diagram. Stellar flux and emissivity have weak effects on the start of the ice 

melting and the graph’s ice melting region. Increasing these values allows for melting at 

slightly lower air temperatures. Decreasing surface pressure allows parts of the surface 

to start melting (subsolar region) at substantially lower air temperatures. 
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Figure 4.12: Surface temperatures for a tidally locked planet, similar to Figure 4.3. The 
corresponding NetFlux diagrams are included below each graph. As the pressure is 
increased, the surface temperatures become more evened out over the planet.  

 

 

 

Figure 4.13: Surface temperatures for a rotating planet, similar to Figure 4.12. See 
above. When the atmosphere is 10 times thicker than Earth’s atmosphere (right graph) 
the surface temperatures are almost constant over the entire planet.  
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Figure 4.14: As pressure is increased, the turning point is shifted to warmer and 
warmer air temperatures. The increased pressure causes a more efficient heat 
transport, averaging the planet’s surface temperatures. For melting to begin, the air 
temperatures need to get closer and closer the melting point. After melting begins, it 
occurs rapidly since the atmosphere is close to the melting temperature of the sea ice. 
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Figure 4.15: With the rotating planet, there is the same shift in the melting region 
between different atmospheric pressures. Notice that the parameters of these curves 
do not match the parameters from Figure 4.14. 

4.3.4 - What are the differences between Tidally Locked and Rotating Planets? 

Tidally locked planets are much more sensitive to changes in stellar flux than 

rotating planets are. The tidally locked planet has a range of about 40 W/m2 where 

multiple climate states could exist. These climate states occur within a range of about 

200 W/m2, between 1250 and 1450 W/m2 (Figure 4.8). The rotating planet has a range 

of 200W/m2, which is over quadruple that of the tidally locked planet. The range of stellar 

brightnesses is between 1500 and 2500 W/m2, about 5 times larger than that of the 

tidally locked planet (Figure 4.9). The tidally locked planet is much more sensitive to the 
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Figure 4.16: When the model is given a planet without an atmosphere, there is a large 
temperature difference between the subsolar point and the night side (Y values on the 
tooltips are that position’s temperatures). By no atmosphere, this graph was produced 
using Equations 1 and 2, even simpler than Pierrehumbert’s energy balance model. It 
must be stated that these results are approximate. From this graph, it appears as if 
there would be liquid water on this planet’s surface. In actuality, any water would boil 
off without any atmospheric pressure leaving a moon/mercury like planet behind.  
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Figure 4.17: With the introduction of an atmosphere similar to Mars’, the night side had 
an increase of almost 73 ℃ (Y values on the tooltips are that position’s temperatures). 
To eliminate a greenhouse effect from this, emissivity was set to zero. With some 
greenhouse effect this temperature change would be even greater.  

value of Fstar than the rotating planet is.  

The tidally locked planets are more sensitive to changes in surface pressure. 

From the 1E+05 Pa line (Blue for tidally locked, Yellow for rotating), there is a noticeable 

difference (Figures 4.14 and 4.15). The tidally locked planet begins melting at much 

lower air temperatures, about 185 K compared to 245 K for the rotating planet. The 

melting region is much narrower for the rotating planet. This result shows that the 
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rotating planet is better at averaging out the surface temperatures than the tidally locked 

case.  

4.3.5 - How does Introducing an Atmosphere affect the Planet? 

When an atmosphere that is 100 times thinner than Earth is introduced, the 

temperature difference decreased by 76 degrees. The subsolar point only decreased by 

3 ℃ while the nightside increased by 73 ℃ (Figures 4.16 and 4.17). The large increase 

in the nightside temperature demonstrates that the atmosphere is redistributing heat 

between the day and night side. The introduced atmosphere has a surface pressure 

similar to Mars’ atmosphere (Owen 1966). Even with such a thin atmosphere, there was 

a significant decrease in the temperature difference between the day and night sides of 

the tidally locked planet.  
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Section 5: Conclusion 

From the previous section, the effect for the parameters had a large impact on 

the models output. The stellar brightness changed how much energy the planet receives 

from its star, affecting the planet’s surface temperatures. When more energy was 

received, the planet became hotter and emitted more energy to rebalance the climate. 

Pressure affected how efficient the atmospheric heat transport was. For a thick 

atmosphere, the planet’s surface temperatures were fairly uniform over the planet’s 

surface. Emissivity changed how much the atmosphere absorbed and reemitted back 

toward the surface. As the atmosphere absorbed more energy, the emitted energy was 

able to keep the surface much warmer than if the greenhouse was not present or very 

strong. The rotating planet also showed the same trends as the tidally locked planet, but 

with amolpitfied trends. The tidally locked planet were much more sensitive to the 

parameters than the rotating planet and had a small range of parameters that were able 

to support multiple climate states  

This model shows that tidally locked planets can support multiple equilibrium. 

Checlair et al (2017) found that under certain parameters the tidally locked planet had no 

multiple equilibria while rotating planet always had multiple equilibrium. They do state 

that if the planet is efficient at transporting heat between the day and night side, there 

would be multiple climate states. Due to the Weak Temperature Gradient (WTG) 

approximation, we have assumed that the atmosphere is incredibly efficient at energy 

transportation. They also state that the presence of multiple equilibria can be caused by 

weak subsolar cloud coverage, which is another assumption that we have made. Due to 

assumptions that this model makes, our results match what Checlair et al. have found  

61 



Figure 5.1: Pressure is constant along rows and Stellar brightness is constant along 
columns. We see that stable, water supporting climates occur along this diagonal line 
across this figure. Thin atmosphere planets support water at further orbital distances 
then thick atmosphere which support liquid water at closer distances.  

regarding both rotating and tidally locked planets supporting multiple climate states.  

5.1 - Effect of Pressure on Habitability 

The atmospheric pressure seems to play an important role in the planet’s ability 

to support water. When the planet has a low pressure, the surface’s temperatures are 

non-uniform. In this case, the subsolar region gets hot causing ice to melt even at low air 

temperatures. When the stellar brightness is low (like if the planet is far away) then the 

subsolar region will support liquid water (Figure 5.1, top left). If the pressure is increased,  
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Figure 5.2: Using similar-to-GJ 581g conditions (Pierrehumbert 2011), this model finds 
that a tidally locked planet has no stable eyeball states. From Pierrehumbert’s study, 
they were able to achieve a eyeball state using their global climate model, which this 
model was not able to reproduce. 

then the temperature become uniform and the subsolar region can not get hot enough to 

start melting (Figure 5.1, bottom left). If instead we move the planet closer at a low 

pressure (Figure 5.1, top right), the planet is receiving too much energy from the star, 

keeping the night side just above melting. However, if this hot sea world had a thick 

atmosphere, it would average the hot subsolar region, warming the relatively cool night 

side, returning to a habitable climate (Figure 5.1, bottom right). It seems that for planets 

with a thin atmosphere, they must be further away from their star to avoid overly hot  
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Figure 5.3: Using similar-to-Gliese 581g conditions (Pierrehumbert 2011), this model 
finds that a rotating planet does not support a climate with liquid water. 
Pierrehumbert’s study did not look into the climates of a rotating planet. 

subsolar regions. Similarly, for a planet with a thick atmosphere, they require a closer 

orbit so that the star can warm the surface enough to start melting even after the 

atmosphere's uniforming heat transfer.  

5.2 - How well does the Model Work? 

To understand how well the model is working, we applied both Earth-like and GJ 

581g-like parameters (Checlair et al. 2017; Pierrehumbert 2011). Pierrehumbert’s Global 

Climate Model (GCM) conditions are not as clearly stated but we will assume that they 

used these approximate values, Fstar = 866 W/m2, Ps = 1e5 Pa, and ε = 0.77 (matching 
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that of Earth). Under these conditions, the effect from the emissivity was very small, near 

negligible. We have assumed Earth-like emissivity. For GJ 581g-like conditions, there 

were no stable states that allowed for liquid water on the planet’s surface, regardless of 

spin (Figures 5.2 and 5.3).  

Under these Earth-like conditions, (Fstar = 1360 W/m2, Ps = 1e5 Pa, and ε = 0.77) 

the model showed no liquid water for the rotating planet, and a stable eyeball condition 

for the tidally locked planet (Figures 5.4 and 5.5). To assess how well the model works 

we can find where the model’s output is similar to Earth. The Earth is near the inside 

edge of the Sun’s habitable zone (Figure 1.1), so to match this state, the model planet 

must be close to the HZ as well. By changing only stellar brightness, the model matches 

Earth-like conditions at 1710 W/m2 (Figure 5.6). This gives the model a percent error of 

about 25%, which is not too far off for this rough approximation for an Earth-like planet.  

5.2.1 - Effect from the Approximations 

The percent error from the model is due to the approximations that were made 

while setting the model up. The biggest factor was making the Weak Temperature 

Gradient (WTG) approximation for both tidally locked and rotating planets. The WTG 

approximation is valid for tidally locked planets (Pierrehumbert 2011; Mills & Abbot 2013) 

and over estimates the amount of atmospheric temperature averaging on the rotating 

planet. Another approximation was the ocean’s albedo of 0.25 rather than 0.1. This was 

to account for scattered cloud coverage over the ocean. However, the amount of clouds 

could depend on the surface pressure, air temperature and humidity (which is not being 

accounted for either). We have also assumed an atmospheric composition composed of  
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Figure 5.4: Using similar-to-Earth conditions (Checlair et al. 2017), this model finds 
that a tidally locked planet could support a stable eyeball climate.  
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Figure 5.5: Using similar-to-Earth conditions (Checlair et al. 2017), this model finds 
that a rotating planet does not support and stable climates with liquid water. Since we 
currently live on Earth, which does have water, the approximations made a significant 
effect on the rotating planet’s climate.  

only Nitrogen molecules. The Earth’s atmosphere is mostly nitrogen, so this assumption 

is only marginally invalid in these cases. The addition of other elements would just affect 

the surface pressure and the atmosphere’s emissivity, which are already parameters of 

the model. Unlike Earth, this model assumes that the planet has no continents. The 

addition of landmasses, with lower albedos, would affect how much solar energy is 

absorbed. A landmass in the subsolar region would not absorb as much stellar energy 

making it so the amount of incoming radiation is not great enough to keep the ice  
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Figure 5.6: Using similar-to-GJ 581g conditions (Pierrehumbert 2011), this model finds 
that a tidally locked planet has no stable eyeball states. From Pierrehumbert’s study, 
they were able to achieve a eyeball state using their global climate model, which this 
model was not able to reproduce. 

melted, keeping the planet completely ice covered (Pierrehumbert 2011).  

Another factor is that this model finds steady states using a simplified 

atmospheric model. Pierrehumbert’s work used a more detailed GCM which took into 

account more factors than our model could. Using this simplified model, the result was 

not going to be as representative as a GCM could have been (Mills and Abbot 2013). 

From these findings, we can conclude that this energy balance model is useful for 

qualitative finding rather than replicating real world results (Pierrehumbert 2011; Mills & 
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Abbot 2013; Checlair et al. 2017). They are useful for understanding the rough idea of a 

stable climate, rather than the intricate workings of a detailed GCM.  

5.3 - Future Work 

From this model, we can get approximated values of the surface temperatures 

over a planet for some climate state. From this data, the amount of energy output from 

each location of the planet’s surface can be calculated (Selsis et al 2011). The next 

major step would be to calculate this energy output for the entire planet. This energy is 

what is emitted from the planet and what telescopes like the James Webb Space 

Telescope would detect. HD 189733b had a detectable thermal shift between transit and 

secondary eclipse. With this data we would be able to determine the detectable of the 

thermal shift of the exoplanet (Selsis et al. 2011; Mills and Abbot 2013). Planets with a 

low pressure would have large thermal differences and be easy to detect, but may not 

support liquid water. Planets with large pressures would be able to support large oceans 

but the decreased thermal difference would greatly affect the planet's detectability. 

Selsis et al. did a similar study using a planet with 9.5 Earth Masses and a CO2 

atmosphere. They found that for certain wavelengths, they were able to detect the planet 

using the James Webb Space Telescope. After this component is added, the 

detectability of GJ 581g can be found.  

Before that happens, the model needs to produce results similar to those found 

from other models. The plethora of assumptions has lead our results to not match those 

from previous model’s climates. Removing the Weak Temperature Gradient allows for 

the air temperature to vary as a function of position and would provide a more 

representative description of rotating planets.  
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Appendix A: The Code 
This model was written for MATLAB R2017a. This code can be obtained by emailing the 

author at macsullivan96@gmail.com 
 
WTG_EBM.m 
1   % Weak Temperature Gradient Energy Balance Model (WTG_EBM) from  
2   % Pierrehumbert (2010) based of Gliese 581g, which may be an eyeball earth 
3   % This code finds the ground temperature (Tg) and air temperature (Ta) given the 
4   %  initial conditions set on GroundTemp.m 
5   % With these two methods, The model satisfies the Surface and Top of Atmosphere (ToA)  
6   %  energy balances which solve for values of Ta and Tg at each value of theta. 
 
8   % Last Updated: March 30, 2018 
 
10  clear 
11  % Initial Conditions 
12  Fstar = [1360]; % W/m^2  Solar Brightness 
13  Ps = [1e5]; % Pa  Surface Pressure 
14  e = .77; %    Emissivity 
15  spin = 0; % 0 = Tide-Locked planet; 1 = Rotating planet  
 
17  % Pre-Allocating Memory 
18  I = length(Ps); 
19  J = length(Fstar); 
20  all_roots = []; 
21  times = zeros(I,J); 
22  Experiments = cell(I,J); 
 
24  for i = 1:I % Surface Pressure 
25     for j = 1:J % Solar Brightness 
  
27          % Root Finding for ToA and Surface Energy Balances 
28          root_time = tic; 
29          roots = Roots(Ps(i),Fstar(j),e,spin); 
30          times(i,j) = toc(root_time); 
 
32          % Saving Roots, Pressures, and Solar Brightness to a cell array 
33          Experiments{i,j}.Roots = roots;  
34          Experiments{i,j}.Pressure = Ps(i); 
35          Experiments{i,j}.Fstar = Fstar(j); 
36          Experiments{i,j}.Emissivity = e; 
37          Experiments{i,j}.Spin = spin; 
38      end 
39  end 
 
41  % Saving cell array to folder for analysis and plotting 
42  % filename = ['Experiment_' num2str(1)]; 
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43  filename = 'Matching_Pierrehumbert_1'; 
44  save(filename,'Experiments') 
45  WTG_Plotting(filename) 
 
Roots.m 
1   % Finding the roots of the GroundTemp.m function for a given initial 
2   %   condition. This code starts at (Tmin) and looks for roots using a secant  
3   %   method is steps of (a) until it reaches (Tmax).  
4   % The found roots (approx. 3) are then returned to the calling function 
 
6   % NOTE: The secant method will occasionally get caught in infinite loops  
7   %   causing the function to never end. To solve this, there is a timer so 
8   %   if the function runs for 5 seconds. After that, that value of Ta is 
9   %   ignored. Since the model runs 23 secant methods, removing one root will 
10 %   rarely affect the solutions of the function 
 
12  % Last Updated: March 30, 2018 
 
14  function [roots] = Roots(Ps,Fstar,e,spin) 
15  % INPUT: Solar Brightness (Fstar), Surface Pressure (Ps), Emissivity (e), 
16  %   Tide-locked condition (spin) 
17  % OUTPUT: List of roots to GroundTemp.m function (rootList) 
 
19  TaMin = 190; % K  Initial Air Temperature 
20  TaMax = 300; % K  Final Air Temperature 
21  a = 5; % K  Temperature step size 
 
23  TaList = TaMin:a:TaMax; 
 
25  % Root Finding: Secant Method 
26  rootList = []; 
27  for i = (1:length(TaList)) 
28      Ta1 = TaList(i); 
29      Ta2 = TaList(i)+1; 
30      [Net_ToA_Flux1,~,~] = GroundTemp(Ta1,Ps,Fstar,e,spin); 
31      [Net_ToA_Flux2,~,~] = GroundTemp(Ta2,Ps,Fstar,e,spin); 
  
33      Ta_timer = tic; 
34      too_long = 5; 
35      while abs(Net_ToA_Flux2) > .1 
36          % If caught in an infinite loop, the timer will break if it runs 
37          % for too long 
38          if toc(Ta_timer) > too_long 
39              % If the loop run for too long, the root is set to a value that 
40              % will be removed later in the code 
41             Ta2 = 1e5; 
42             break 
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43         end 
44          TaNew = ((Net_ToA_Flux2*Ta1) - (Net_ToA_Flux1*Ta2)) / (Net_ToA_Flux2 - 

Net_ToA_Flux1); 
45          Ta1 = Ta2; 
46          Ta2 = TaNew; 
47          Net_ToA_Flux1 = Net_ToA_Flux2; 
48          [Net_ToA_Flux2,~,~] = GroundTemp(Ta2,Ps,Fstar,e,spin); 
49      end 
50      rootList = [rootList Ta2]; 
51  end 
52  roots = rootList; 
 
54  % Removing roots that are similar  
55  roots = []; 
56  roots_R = []; 
57  for m = 1:length(rootList) 
58      root = round(rootList(m)); 
59      if (ismember(root,roots_R) == 0) 
60          roots_R = [roots_R root]; 
61          roots = [roots rootList(m)]; 
62      end 
63  end 
64  roots = sort(roots); 
 
66  % Averaging similar but differently rounded roots together 
67  R = diff(roots); 
68  for n = 1:length(R) 
69    if R(n) < 2 
70          roots(n) = mean([roots(n),roots(n+1)]); 
71          roots(n+1) = 1; % the n+1 root is now counted for and will be removed later  
72          R = diff(roots); 
73      end 
74  end 
 
76  % Removing roots 
77  roots(roots==1) = []; % Removing from the root averaging process 
78  roots(roots<0) = []; % Removing negative roots 
79  roots(roots>1000) = []; % Removing roots that are too large (result from the time break) 
80  roots(isnan(roots)==1) = []; % Removing NaN from roots 
 
GroundTemp.m 
1   % Finding the Net_ToA_Flux given some initial air temperature. 
2   % The value of Ta is determined from WTG_EBM.m using a secant method to find 
3   %   when Net_Surf_Flux reaches zero, satisfying the ToA energy balance 
  
5   % NOTE: The while loop will occasionally get caught in infinite loops  
6   %   causing the function to never end. To solve this, there is a timer so 
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7   %   if the function runs for 0.05 seconds, an approximate solution is given. 
8   %   Since the code will be re-run when Ta is updated, the approximate 
9   %   solution will not cause any problems (other than a longer running code) 
 
11  % Last Updated: March 30, 2018 
 
13  function [Net_ToA_Flux,Tg,theta] = GroundTemp(Ta,Ps,Fstar,e,spin) 
14  % INPUT: Air Temperature (Ta), Solar Brightness (Fstar),  
15  %   Surface Pressure (Ps), Emissivity (e) 
16  % OUTPUT: Net flux entering/leaving the planet (Net_ToA_Flux), Ground Temp (Tg),  
17  %   Latitude/Zenith Angle (theta) 
 
19  % Set up  
20  dtheta = pi/1000; 
21  theta = (-pi/2:dtheta:pi/2); % rad     Zenith Angle/Latitude (0 = N.Pole, Pi/2 = Substellar Point) 
22  Num = length(theta); %                 Number of Elements in Theta 
 
24  % Properties of the atmosphere 
25  m = 4.65e-26; % Kg                      Molecular mass of Gas (N2) 
26  Cp = 1039; % J/(KgK)                    Specific Heat of Gas (N2 averaged over T<300-ish) 
 
28  % Constants and Set-Up variables 
29  sigma = 5.67e-8; % W/(m^2K^4)           Stefan-Boltzmann Constant 
30  k = 1.381e-23; % J/K                    Boltzmann Constant 
31  Cd = .0015; %                           Dimensionless Drag Coefficient 
32  U = 5; % m/s                            Typical Wind Speed 
33  a = (Ps/(k*Ta))*m*Cp*Cd*U; %            Turbulent Coupling Coefficient 
 
35  %Finding Ground Temp (Tg) that satisfies the surface EBM via Newton Method 
36  Tg = zeros(1,Num); %            Creates a list of Ground Temps for each Theta 
37  Tg = Tg+300; %                  Setting each element of Tg to an initial temperature 
38  solarFlux = zeros(1,Num); %     Creates a list of Solar Fluxes for each Theta 
 
40  for i=1:Num 
41      Tgnew = Tg(i); 
42      Net_Surf_Flux = 100; % Value to make while loop run 
  
44      Tg_timer = tic; 
45      too_long = 0.05; % run breaks after 0.05 seconds 
  
47      %Root Finding: Newton Method 
48      while (abs(Net_Surf_Flux) > .3) 
49          % Checking if run time is longer than the cut off point 
50          if (toc(Tg_timer) > too_long) && (abs(Ta) > 1e4) 
51              if i == 1 
52                  Tg(i) = 273; % Approximate Solution 
53              else 
54                  Tg(i) = Tg(i-1); % Approximate Solution 
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55             end 
56              break 
57          end 
  
59          Tg(i) = Tgnew; 
60          alpha = Albedo(Tg(i)); 
61          if spin == 0 % Tidally locked planet condition 
62              if theta(i) < 0 
63                  % Solar Flux at negative angles are zero 
64                  solarFlux(i) = 0;  
65              else 
66                  solarFlux(i) = (1-alpha)*Fstar*sin(theta(i)); 
67              end 
68          elseif spin == 1 % Rotating planet condition 
69              % Rotating planet is 90 degrees off of the tidally locked case 
70              solarFlux(i) = (1/pi)*(1-alpha)*Fstar*cos(theta(i)); 
71          end 
72          Net_Surf_Flux = (sigma*Tg(i)^4)+(a*Tg(i))-(a*Ta+solarFlux(i)+e*sigma*Ta^4); % 

Function of Tg(@theta) 
73          dNetSurfFlux = (4*sigma*Tg(i)^3)+a; % Derivative of F(Tg)  
74          Tgnew = Tg(i)-(Net_Surf_Flux/dNetSurfFlux); % Calculating the new Tg value 
75     end 
76  end 
 
78  fluxIn = 0.5*sum(solarFlux.*cos(theta) * dtheta); % Incoming Energy 
79  fluxOut = 0.5*sum((1-e)*sigma*Tg.^4.*cos(theta) * dtheta); % Emitted Energy 
80  fluxAtm = 0.5*sum(e*sigma*Ta^4*cos(theta) * dtheta); % Atmospheric Energy 
81  Net_ToA_Flux = fluxIn-(fluxOut+fluxAtm); % Incoming-Outgoing Energy 
82  end 
 
Albedo.m 
1   % Finding the albedo for a given ground temperature on the planet's surface 
2   % The ground temperature is determined by GroundTemp.m which uses a Newton 
3   %   method to find where Tg makes the surface energy balance valid 
 
5   % Last Updated: March 30, 2018 
 
7   function [albedo] = Albedo(Tg) 
8   % INPUT: Ground Temperature (Tg) 
9   % OUTPUT: Albedo relating to Tg (albedo) 
 
11  %Set up 
12  a_ice = .7;     % Albedo of ice 
13  a_water = .25;  % Albedo of water (and clouds) 
14  TgMin = 267; 
15  TgMax = 279; 
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17  if Tg < TgMin 
18      albedo = a_ice; 
19  elseif Tg > TgMax 
20      albedo = a_water; 
21  else 
22      m = (a_water-a_ice)/(TgMax-TgMin); 
23      b = a_water-(m*TgMax); 
24      albedo = m*Tg+b; 
25  end 
 
WTG_Plotting.m 
1   % This function takes the file produced by WTG_EMB.m and plots the ground 
2   %   temperature Vs position (theta) for each equilibrium state (roots) of 
3   %   the planet. A line is included at the freezing temperature of water 
 
5   % Last Updated: March 30, 2018 
 
7   function WTG_Plotting(filename) 
8   % INPUT: A filename of a .mat file. The file must contain the cell 
9   %   array produced from the WTG_EBM.m code. The file must have the variable 
10  %   Experiments, which is a cell array containing the pressures, Fstars, 
11  %   Roots, Emissivities and spin conditions contained within structs. 
12  % OUTPUT: Plots the ground temperature Vs position for each of the 
13  %   equilibrium states. Each plot contains a set of pressure and Fstar 
14  %   values and each of the equilibrium climates for those conditions 
 
16  load(filename) 
17  [I,J] = size(Experiments); 
18  Tmin = (160-273); % C Min Temperature range on plot 
19  Tmax = (380-273); % C Max Temperature range on plot 
20  x = [-90 90]; % X-coordinates for freezing line 
21  y = [0 0]; % Y-coordinates for freezing line 
 
23  figure 
24  for i = 1:I % Pressure loop 
25      for j = 1:J % Fstar loop 
26      % Reading Cell Array and saving data to variables 
27      Ps = Experiments{i,j}.Pressure; 
28      Fstar = Experiments{i,j}.Fstar; 
29      Roots = Experiments{i,j}.Roots; 
30      e = Experiments{i,j}.Emissivity; 
31      spin = Experiments{i,j}.Spin; 
  
33      % Changing x axis label depending on the tidally locked condition or not 
34      if spin == 1 
35          x_axis = 'Latitude'; 
36      elseif spin == 0 
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37          x_axis = 'Zenith Angle'; 
38      end 
  
40      subplot(I,J,J*(i-1)+j) 
41      line(x,y,'Color',[.65 .65 .65]) % Making a line at the freezing point of water 
42      hold on 
43          for k = 1:length(Roots) 
44              % Finding Surface Temperatures over the planet 
45              [~,Tg,theta] = GroundTemp(Roots(k),Ps,Fstar,e,spin); 
46             Tg = Tg-273; % Converting Kelvin to Celsius 
47             theta = theta.*(180/pi); % Converting Radians to Degrees 
 
49              % Plotting Ground Temperature Vs Theta 
50              plot(theta,Tg) 
51          end 
52          title({['Fstar = ' num2str(Fstar)],['Ps = ' num2str(Ps)]}) 
53          if (J*(i-1)+j) == 8 
54              xlabel(x_axis) 
55          end 
56          xticks([-90 -45 0 45 90]) 
57          if (J*(i-1)+j) == 4 
58              ylabel('Ground Temp ({\circ}C)') 
59          end 
60         axis([-90 90 Tmin Tmax]) 
61         grid on 
62        drawnow 
 
64      end 
65  end 
 
67  hold off 
68  savefig(filename) 
69  saveas(gcf,filename,'svg') 
70  end 
 
 
WTG_NetFlux_Plot.m 
1   % Using the file name from a previous model run, this code plots the 
2   % NetFLux diagram for those parameters 
 
4   % Initial Conditions 
5   load('Low_atm_866') 
6   [I,J] = size(Experiments); 
 
8   % Plotting Net_ToA_Flux Vs Ta 
9   TaMin = 50; % K  Intial Air Temperature 
10  TaMax = 300; % K  Final Air Temperature 
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11  a = 1; % K  Temperature step size 
12  TaList = TaMin:a:TaMax; 
 
14  figure 
15  line([TaMin TaMax],[0 0],'LineWidth',2,'Color',[.65 .65 .65],'DisplayName','Equilibrium') % 

Making a line at the equilibrium points 
16  hold on 
17  for i = 1:I % Pressure loop 
18      for j = 1:J % Fstar loop 
 
 20     % Reading Cell Array and saving data to variables 
 21     Ps = Experiments{i,j}.Pressure; 
 22     Fstar = Experiments{i,j}.Fstar; 
 23     e = Experiments{i,j}.Emissivity; 
 24     spin = Experiments{i,j}.Spin; 
 
26      fluxNetList = zeros(1,length(TaList)); 
27      for k = (1:length(TaList)) 
28              [fluxNetList(k),~,~] = GroundTemp(TaList(k),Ps,Fstar,e,spin); 
29      end 
30  %     plot(TaList,fluxNetList,'DisplayName',[num2str(Ps,'%.E') ' Pa']) 
31      plot(TaList,fluxNetList,'DisplayName',[num2str(Fstar) ' W/m^2']) 
32      if spin == 1 
33  %         title({['Rotating Planet @ Fstar = ' num2str(Fstar)]}) 
34          title({['Rotating Planet @ Ps = ' num2str(Ps,'%.E')]}) 
35      elseif spin == 0 
36  %         title({['Tidally locked Planet @ Fstar = ' num2str(Fstar)]}) 
37         title({['Tidally locked Planet @ Ps = ' num2str(Ps,'%.E')]}) 
38      end 
39      xlabel('Air Temp (K)') 
40      ylabel('Net ToA Flux (W/m^2)') 
41      axis([TaMin TaMax -100 175]) 
42      legend('show','Location','SW') 
43      grid on 
44      drawnow 
45      end 
46  end 
47  hold off 

  

77 



Glossary 
 

Exoplanet - A planet that orbits around a star other than the Sun 

Tidally locked Planet - A planet whose rotational period is equal to its orbital period. 
(e.g. the moon) 

Subsolar Point - Location on a tidally locked planet where the star is directly above you 

Antisolar Point - Location on a tidally locked planet where the star is directly below you 

Terminator - The line between the day and night side on a planet 

Rotational period - Amount of time a planet takes to make one turn around its axis of 
rotation (e.g. a day) 

Orbital Period - Amount of time a planet takes to revolve around the body it is orbiting 
around (e.g. a year) 

Orbital Distance - Distance a planet is from the body it is orbiting around 

Albedo - The fractional percentage of how reflective an object is. 

Emissivity - The fractional percentage of how effective an object is at emitting energy 
compared to a black body 

Black Body - A theoretical object that emits radiation as efficiently as possible (ε = 1) 

Weak Temperature Gradient (WTG) - Due to a weak coriolis effect, the atmosphere 
has an efficient heat transport. This approximation allows for keeping the planet's 
atmosphere a constant temperature over the entire planet. This approximation is only 
valid for slowly rotating planets, i.e Tidally Locked Planets. 

Habitable Zone - The range of orbital distances where liquid water could exist on the 
planet’s surface. These bounds depend on the star’s brightness and the planet’s 
atmospheric composition 

Inverse Square Law - The amount of received energy per unit squared decreases as 
the square of the distance from the light source. (e.g. a light bulb up close (bright) and 
one far away (dim)) 

Global Climate Model (GCM) - A detailed atmospheric model which typically requires 
many days to run.  

Energy Balance Model - A simplistic atmospheric model that finds approximate climate 
states that are in equilibrium.  
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