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1

Abstract

Gerrymandering is the act of changing political boundaries so as to favor one political
party or class in an election. Much e↵ort has been made in recent years to mathematically detect gerrymandering in order to prevent this manipulation. Markov Chain
Monte Carlo (MCMC) methods have been used to sample the distribution of legal
and reasonable redistrictings of a particular area, which allows comparison of specific
districtings with the space of reasonable legal districtings. Depending on the state,
districting plans in America are often required to be “compact”, though this term is
loosely defined by the law. Fortunately, the MCMC method can take into account the
compactness of districts, but of course this requires a strict definition of compactness.
Unfortunately, di↵erent groups have used a multitude of measures of compactness.
An open question in this field is what relationship, if any, exists between di↵erent
measures of compactness. Two of the methods that have been used are the Isoperimetric Score and the Cut Edge Score of a districting plan. Isoperimetric Score looks
at the geography of a districting plan, while Cut Edge Score examines the relational
structure of a districting plan. Looking at these two seemingly di↵erent measures of
compactness, I have found that prioritizing Cut Edge Score with MCMC methods
may result in more compact districting plans, both in terms of Isoperimetric Score
and Cut Edge Score, more easily than when taking into account Isoperimetric Score.
Moreover, there is consistently a strong relationship between the two scores. In addition, I looked at the Population Balance Score of districting plans, which measures
how close a districting plan is to having an equal population in each district. Looking at this score, I have found that in certain cases prioritizing Cut Edge Score in
MCMC methods results in better Population Balance Scores than when prioritizing
Isoperimetric Score.

2
2.1

Introduction
Defining Gerrymandering

Gerrymandering as a word has existed since 1812, when a political cartoonist drew
a comic that criticized Governor Elbridge Gerry for an oddly shaped senate election
district in the districting map he drew for Massachusetts; the cartoonist represented
this particular district in the plan as a salamander based on its shape. This cartoon
is shown in Figure 1. The specific purpose of the salamander-shaped district was to
benefit the Democratic Republicans, Governor Gerry’s political party. Gerrymandering, portmanteau of “Gerry” and “salamander”, is therefore the action of drawing
districts for the purpose of benefitting a particular political party [7]. Gerrymandering has continued to be a part of the American political process of drawing state
districtings since then.
Though gerrymandering has always been an issue in America, it wasn’t until 1962
3

Figure 1: The original gerrymander [7]
with Baker v. Carr that federal courts gained the jurisdiction to examine state legislative districting plans and determine if they were constitutionally valid. Interestingly,
the faulty plan in Baker v. Carr was a result of the Tennessee General Assembly
failing to make a redistricting plan at all, rather than making a particularly unfair
one. Nevertheless, this case found that the legality of a districting plan could be
considered by the federal courts and that federal courts have the right to intervene
in such cases where a districting plan is found unconstitutional [1].

2.2

Difficulties when Detecting Gerrymandering

Since Baker v. Carr, potentially gerrymandered plans have been repeatedly brought
to court on the grounds that they are unconstitutional. One of the main challenges
such cases have faced with calling into question the legality of gerrymandering is the
lack of a workable, justiciable standard to determine whether a plan is gerrymandered
to such a degree that it is unconstitutional [2].
Governor Gerry’s salamander shaped districting plan was criticized based on its
shape, and so it may be tempting to argue that any plan full of oddly shaped districts
is gerrymandered. However, it can be difficult to determine if a map really is gerrymandered since there are many requirements, di↵ering state by state, that districting
plans must meet in order to be considered valid.
Details of these requirements can be found in [6], but some of the more common
4

requirements are as follows: the populations of each district should be roughly equal,
and political subdivisions like cities and counties should have their boundaries respected and should not be divided between districts. Moreover, districts should be
contiguous, and most states require the “compactness” of districts to be taken into
account. All these considerations are commonly used, but each state has di↵erent
laws.
Compactness specifically does not have a national definition, and is rather defined
state by state (if it is defined clearly at all). In general, it means that districts cannot
have shapes that are excessively unprecedented, or “noncompact”. 37 states require
their legislative districts to be reasonably compact, and 18 of those states require
congressional districts to be compact as well; only six identify a specific measure for
compactness [6]. Over 30 possible measures of compactness have been proposed, but
in this work I will consider only two. Discussion of these measures can be found in
Section 3.
Districting plans that break these requirements may not be considered gerrymandered if proper justification is given. Because of all these requirements and their
flexibility, looking at whether the representation is proportional to the votes does not
always work as a measure of whether a plan is gerrymandered or not. The political
geometry of a state may result in representation that doesn’t match the proportion
of votes when the entire state is looked at.

2.3

Recent Work to Detect Gerrymandering

In recent years, people have worked on rigorously define gerrymandering mathematically. The method of detecting gerrymandering that I will examine in this thesis is
based on the idea that a gerrymandered plan will result in electoral outcomes significantly di↵erent from other similar legal and reasonable plans that could be suggested.
To make this comparison, a very large number of “random but reasonable” districting plans similar to the one accused of being gerrymandered are computationally
generated. If the electoral results from the districting plan under investigation are an
outlier when compared to the results from the generated plans, that would suggest
that the plan under investigation was designed specifically in order to achieve those
abnormal results.
For example, in “Quantifying Gerrymandering in North Carolina” [5], Herschlag
et al. examine gerrymandering in North Carolina. Specifically, they look at the
Congressional districting plans used during the 2012 and 2016 elections in North
Carolina (denoted NC2012 and NC2016), as well as a districting plan designed by a
group of bipartisan retired judges (denoted Judges). The results of this examination
are shown in Figure 2. Clearly, the districting plans used in the elections are atypical
in comparison to the generated plans.
These large ensembles of districting plans are generally created using well established Markov Chain Monte Carlo (MCMC) methods discussed in [5] and [3]. Before
creating these ensembles, the geographical districts need to be converted into a for5

findings in this direction, summarized in Figure 1, clearly show that the results generated by the
redistrictings NC2012 and NC2016 are extremely biased towards the Republicans, while the Judges
redistricting produces acceptably representative results. The NC2012 and NC2016 redistrictings
produce results that are highly atypical of the non-partisan redistrictings we have randomly drawn
according to HB92.
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A subbranch of this research focuses on how to generate these ensembles of district-

2.2. Measuring Representativeness and Gerrymandering. While Figure 1 is already quite
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this paper
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compelling,
is useful
quantitative
of whether
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the results
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is gerrymandered or not, but rather, to examine
the properties of the methods used
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to detect gerrymandering. Specifically, I will look at how various measures related
to districting plans compare to one another. In particular, the two statistics I am
looking at are the balance of population in each of the districts in the plan, and the
compactness of the districts. I measured the compactness of the districting plans
using two separate metrics, Isoperimetric Score and Cut Edge Score. Details of how
these statistics are measured will be discussed in Section 3.3. When a random walk
is conducted on this space, how do the balance of population and compactness relate
to each other? Moreover, since there are multiple di↵erent metrics that can be used
to determine the compactness of a districting plan, it is important to compare the
compactness scores to one other. I will do this in Section 5. By comparing them
to each other, those who use such methods to detect gerrymandering can be better
informed when picking what measure of compactness to use.

2.4

Overview of Results

The research I did mainly involved the creation of algorithms to prioritize the criteria
of interest describe above. In order to generate reasonable districting plans using this
6

method, these measures need to be taken into account when generating the ensemble
to ensure the resulting plans are acceptable. My goal was to see how prioritizing a
single one of these scores would a↵ect the other two. The algorithm I created varied
between prioritizing scores and accepting any strictly legal plan proposed; for details
see Section 4.
I started using this algorithm on an idealized square state that I created. I created
3 sets of 10 ensembles of 3 million districting plans. Each set prioritized a di↵erent
score; the outcomes of these tests are described in Section 5.1. After these ensembles
were created, I created 15 new ensembles of districting plans of the state of Pennsylvania. I once again made 3 sets, one for each score, and each set included 5 ensembles
of 4 million districts. The outcomes of these ensembles can be found in Section 5.2.
After examining all of these results and comparing the idealized square state to
Pennsylvania, I found that prioritizing Cut Edge Score results in better values for
both Cut Edge Score and Isoperimetric Score than does prioritizing Isoperimetric
Score. Moreover, I found that Cut Edge Score and Isoperimetric Score consistently
have a very strong relationship to one another, though the score being prioritized,
as well as the state used for the ensemble, clearly impact the exact nature of this
relationship.

3
3.1

Theory
Markov Chains

In this section, I will give an overview of Markov Chains. A Markov Chain is composed
of multiple states which can transition from one to another. Essentially, each state has
a certain probability of transitioning to a new state. The key property of a Markov
Chain is that the probability of being at a certain state depends only on the state
occurring immediately prior to it.
To break this down, I will make an example using the weather. Consider a town
that only has two possible weather states: sunny and rainy. Any given day could
be either sunny or rainy, but which it will be is not entirely up to random chance.
Specifically, the chance of rain or shine depends on the previous day. If it was sunny
yesterday, it is more likely to be sunny today as well, and if it was rainy yesterday, it is
more likely to rain again today. This very simplified model of the weather is a Markov
Chain; each day is a step, and each step will result in a new state of weather. The
probability of it being sunny or rainy today is only dependent on whether yesterday
was sunny or rainy, in addition to an element of random chance. This idea of a
Markov Chain will be applied to the space of legal districting plans in Section 3.4.

7

(a)

(b)

Figure 3: (a) A map of a “state” broken up into Voting Tabulation Districts (VTDs).
The green VTDs represent one district and the purple VTDs represent a second (b)
The same state represented as a graph with the VTDs as vertices

3.2

Maps to Graphs

Before we can run a Markov Chain on the space of legal districting plans, we first need
to adapt a map of a districting plan into a more workable construct. Specifically, we
to take maps and adapt them to become graphs. Every state is divided into portions
that are smaller than districts; these portions are then grouped into districts. These
smaller pieces are referred to as “Voting Tabulation Districts” (VTDs). Each VTD in
a state is made a vertex in its corresponding graph. Then, if two VTDs are adjacent,
an edge is drawn between the two. This idea is demonstrated in Figure 3.

3.3

Scores

There are several scores that can be used to measure various features of districting
plans. In section 2, I described some of the criteria that need to be considered when
drawing a districting plan. To take these factors into account when running the
Markov Chain, we need to be able to assign numerical scores to each districting plan
based on how well they meet each criterion. The scores that this paper in particular
will focus on are scores that evaluate the compactness and population balance of a
districting plan.
3.3.1

Population Balance Score

The Population Balance Score measures the overall population balance of a districting
plan; essentially, it measures how evenly spread the population of a state is between
the districts. The ideal for this score would occur if each district in a plan contained
8

Figure 4: Each pink line crosses over a cut edge; the total Cut Edge Score for this
districting plan is 4

the exact same number of people. We define pop(Di ) as the total population of a
district i within a districting plan. Then, the Population Balance Score is defined as
v
u n ✓
◆2
uX pop(Di )
P =t
1
(1)
popIdeal
i=1
where

Tpop
(2)
n
and Tpop is the total population of the state. This score is equal to 0 for an ideal
state, and increases as the population becomes less balanced [5].
popIdeal =

3.3.2

Cut Edge Score

The Cut Edge Score of a districting plan is one measure of the compactness of a
districting plan. The Cut Edge Score counts the number of edges on the graph of the
districting plan that connect VTDs that belong to di↵erent districts. It is therefore a
discrete measure. In a geographic sense, this score counts the number of VTDs that
are adjacent but are not part of the same district. From this definition, it is clear
that the number of Cut Edges increases as a districting plan becomes less compact
[4].

9

3.3.3

Isoperimetric Score

The Isoperimetric Score Function is another measure of compactness. It is a more
geographical measure that looks at the ratio of the square of the perimeter of a
district and its area. Before more precisely defining the score, I will first define the
components that make up the score.
For a given state and districting plan, if there are n districts in that state, define each district as D1 , D2 , ..., Di , ..., Dn . Then, let boundary(Di ) be a function that
maps a district to the length of the subset of its geographic perimeter that is adjacent to other districts. To be clear, the outer boundary of a state is not considered
when calculating the Isoperimetric Score. The function area(Di ) returns the total
geographic area of a district. Using this notation, we define the Isoperimetric Score
of a districting plan as
n
X
boundary(Di )2
I=
.
(3)
area(Di )
i=1

Using this measure, we have a score of the overall compactness of a districting plan
that depends on the geography of the state and the districting plan. This measure
specifically looks at the ratio in individual districts of the square of perimeter to area.
The lower the score, the smaller the ratios of each district, and the more compact a
districting plan is as a whole [5].

3.4

Markov Chains on Districting Plans

In order to create a sample of reasonable redistricting plans, Markov Chain Monte
Carlo has been used by various researchers such as those in [5]. While this is not
specifically the technique I used in my research, I did employ a modified version
thereof. The states of the Markov Chain are all the possible legal districtings of a
particular map. For each step of the Markov Chain, the districting plan changes to
a new plan; this is done many times until a large number of districting plans are
generated. The di↵erence between the Markov Chain I used and MCMC is that in
my Markov Chain, I changed the values of the transition probabilities throughout the
course of the run instead of attempting to reach an equilibrium, which is the goal of
MCMC.
I ran the Markov Chains with the help of the public GitHub repository gerrychain
[4]. At each step of the Markov Chain, a random edge connecting two vertices (VTDs)
that are from di↵erent districts is selected; note that this is exactly the definition of
a cut edge as described in Section 3.3.2. Then, with probability 12 , one of the two
vertices this edge is connected to is switched from whatever district it is a part of
to the district the other vertex is a part of. In this way, a single VTD has changed
districts, and the edge is no longer a cut edge. The program would then randomly
select another cut edge and switch another endpoint vertex into the other district,
and in this way a large number of districting plans can be generated using a Markov
10

(a)

(b)

(c)

(d)

(e)

Figure 5: Process of the Markov Chain. (a) The starting districting plan. (b) A cut
edge is selected in pink. (c) One VTD and its corresponding vertex change districts
creating a new districting plan. (d) Another cut edge is selected in pink. (e) Another
VTD and its corresponding vertex change districts creating another new districting
plan.

Chain. This process is demonstrated in Figure 5.
Markov Chain Monte Carlo (MCMC) involves specifying the probability distribution on which the space of legal districting plans lives. The idea of MCMC in this
context is to, in some sense, prioritize the types of districting plans that are generated
by the Markov Chain; the scores described in Section 3.3 can be used to help define
this probability distribution. While I did not use MCMC specifically, I did sample
from the space of legal redistricting using a similar prioritization idea, which will be
described in the following section. In my case, I was able to prioritize scores without
trying to replicate the distribution of the space of legal districting plans. The purpose
of this was to be able to prioritize specific scores and see this prioritization’s e↵ects
on other scores.

4

Methods

In order to examine the properties of this method of sampling, I needed to define the
space that I was sampling. I used both idealized grid-shaped maps and an actual map
of Pennsylvania to investigate these properties. The grid-shaped maps were square
states divided into VTDs initially allocated among identical, square districts.

11

Figure 6: 48x48 grid with 16 districts. Each color represents a di↵erent district.

4.1

Grids

The grids were intended to be idealized versions of states. I worked specifically with
square grids sized 48x48; each square in the grid represented a VTD. Every square, or
VTD, that made up the grid was described as having a population of 1. In the 48x48
grid, there were 16 districts to start. I decided to use these numbers because they
divided nicely such that it was possible for every district to have the same population.
In addition, the VTDs had four sides each with a length of one unit. In this way,
each district in the 48x48 grid started with a population of 144. In each run, I started
with 16 identical 12x12 districts, as shown in Figure 6.
These grids started with equal populations in each district, but in order to run the
chain this condition could not be sustained. This is because to run even a single step,
the population of two districts would change; one would gain the population of one
VTD, and the other would lose that population. Instead, the districting plans had the
constraint that no single district within the plan could have a population more than
a certain percentage away from the ideal population described above. This way, no
districts would become so small they essentially disappeared, but there was enough
freedom to change the districts in a more dramatic way. In addition, there would be
no di↵erentiation in the Population Balance Score Function if the population could
not change in a significant way, and this would not reflect reality. In the 48x48 grid,
the largest percentage away from the ideal that I allowed a district to be was 5%.

12

4.2

Acceptance Functions

While I was running the chains, there were di↵erent conditions under which redistricting plans would be accepted or rejected. These were mainly determined probabilistically through the use of various acceptance functions I designed. At each step in the
Markov Chain, a new districting plan would be proposed by the program; based on
the current districting plan, the acceptance function would return “True” or “False”
to determine whether the new plan would be accepted or rejected, respectively. If
it was rejected, another new plan, still based on the current districting plan, would
be proposed until one was accepted. Other than the Always Accept function, which
was included in the gerrychain software introduced in Section 3.4 [4], I created each
acceptance method. The following sections describe the various acceptance functions
I used in this thesis.
4.2.1

Always Accept

The simplest acceptance function I used was the Always Accept function (AA). This
function simply accepted every proposed plan that was “legal”. In other words, it
accepted every districting plan that was valid based on the specified constraints that
every district had to be contiguous and no districts could have a population outside
of a specified range.
4.2.2

Prioritize Scores

It was important to prioritize each score individually in order to see how di↵erent
scores acted under di↵erent constraints. Therefore, I created a function to prioritize
Isoperimetric Score specifically. I named this function Prioritize Isoperimetric Score
(PI). Remember that the Isoperimetric Score of a districting plan is smaller the more
compact the districts are. Therefore, the PI function was used in order to generate
an ensemble containing districting plans that had lower Isoperimetric Scores than
would be generated using the AA function. The function operated as follows: first, a
proposed plan’s score would be compared with the current plan in the chain’s score.
If the proposed plan’s score was lower than the current plan’s, and was therefore more
compact, the proposed plan was always accepted, provided the districting plan was
“legal” as described in Section 4.2.1. If the proposed plan had a higher Isoperimetric
Score than the current plan, the proposed plan would be accepted a certain percentage
of the time. The concept of this type of acceptance function works for all the di↵erent
scores we used, and so I also created the functions Prioritize Cut Edge Score (PCE)
and prioritize Population Balance (PPB). Importantly, all three scores are “better”
when they are lower; therefore, all three acceptance functions here prioritize lower
scores.
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4.2.3

Varying Acceptance Percentages

After using the preceding functions for several runs, I found I needed more variety in
the districting plans created for the ensembles. For this reason, I created a new acceptance function in which I used the prioritization functions and varied the percentages
at which “worse” districting plans were accepted. As an example, the Markov Chain
might run for 100,000 steps, but every 10,000 steps the percentage of “worse” districting plans that were accepted would switch between 100% (which would be AA)
and 1%. In this way, the districting plans were able to get very non-compact or
very non-population balanced during the AA subsections; this caused the resulting
districting plans after changing the percentage to 1% to be very di↵erent from the
original districting plan. This method allowed me to sample more varied districting
plans in a shorter period of time. It also caused the range of values for the scores to
increase in scope.

5
5.1

Analysis and Discussion
Grids

For the main body of the Markov Chain runs I completed on the grids, I used the
varying percentage acceptance function as described in Section 4.2.3. I ran ten tests
each for each of the scores I prioritized using this method: Isoperimetric Score, Population Balance Score, and Cut Edge Score. I decided to make the runs in cycles;
that is, I would use AA function for a certain number of steps, then a prioritization
function for a certain number of steps, and then I would repeat this process. I had
four of these cycles in each run. Essentially, I allowed the districting plans to get
plans significantly di↵erent from the starting plan by using AA, and then generate
more reasonable plans by prioritizing one of the scores. The reason I had four cycles
for each run rather than forty runs of one cycle was to create districting plans more
significantly di↵erent from the starting plan.
In order to decide how many steps these cycles would be, I ran a test for each of
the scores with the first million steps using the AA function, and the next million
steps prioritizing the score by accepting “worse” maps 1% of the time. Based on
these tests, I determined that a more computationally feasible number of steps for
each cycle was to use was 250,000 steps of AA and 500,000 steps of the prioritization
function for each cycle; this resulted in a total of 3 million steps for each run. This
way, each prioritized score had the chance to reach a near minimum value during the
prioritization section without running for much longer. The purpose of this choice
was to have the greatest range of values for each prioritized score in the most computationally feasible time frame. I also wanted each test to have the same number of
steps to allow for more accurate comparisons between the runs. These tests will be
referred to as Varying Acceptance and Prioritizing Isoperimetric Score (VAPI), Varying Acceptance and Prioritizing Cut Edge Score (VAPCE), and Varying Acceptance
14

(a)

(b)

Figure 7: Two of the generated districting plans made during a VAPI run

and Prioritizing Population Balance Score (VAPPB). The results of these tests are
summarized in the following sections. All the scatter plots shown in these sections are
from data gathered in the first ensemble created by each Acceptance Function. The
scatter plots of each individual run can be found in the Appendix for comparison.
5.1.1

Districting Plans

I started each run with the districting plan in the 48x48 grid shown in Figure 6. Some
examples of districting plans that were generated during one VAPI run can be found
in Figure 7; notably, Figure 7a was recorded during the AA section of the run, while
Figure 7b was generated during the PI section of the run.
5.1.2

VAPI

For a complete set of graphs representing the results of this section, see Appendix
A.1.
Isoperimetric Score
First, I will examine the Isoperimetric Score as it evolves over the course of the
VAPI runs. Figure 8 shows the evolution of the new districting plans’ Isoperimetric
Score during one of the VAPI runs. I will introduce the clearly visible characteristics
of the Isoperimetric Score followed by the Cut Edge Score and Population Balance
Score that present themselves during the VAPI runs. Following this, I will compare
how the scores change in relation to one another; finally, I will repeat the process for
the VAPCE runs and the VAPPB runs. At the end of this section I will compare the
results from each of the three di↵erent Varying Acceptance Functions on the idealized
state represented by the 48x48 grid.
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Figure 8: Isoperimetric Score over the course of the 3 million steps of VAPI

Isoperimetric score is clearly a↵ected by the VAPI function as is expected; it
increases and decreases as Isoperimetric Score is not taken into account and then
prioritized. However, it is interesting how dramatic a shift occurs when the subfunctions of VAPI, AA and PI, switch to the other. During the AA subsections, the score
rapidly rises and reaches some equilibrium range very quickly. During the PI subsections, the score drops dramatically and then gradually levels out. Another interesting
factor of note is that while during both types of sections some equilibrium range is
reached, in the AA section the short term range of possible values seems to be much
greater than during the leveled out section of the PI subfunction. These ideas can
all be seen visually, but we can also examine the characteristics of the Isoperimetric
Score during the AA sections and the PI sections separately.
In order to examine the equilibrium behavior of the Isoperimetric Score as a result of each subfunction, I needed to first remove the steps that reflect the transition
behavior. The transition behavior does not help us understand the equilibrium behavior of the subfunctions. Therefore, I removed the first 50,000 steps from each of
the subsections in the data before calculating the statistics in Table 1. This data is
also represented visually in Figure 9.
These results reflect what we can see visually; the Isoperimetric Score is much
higher during the AA sections than during the PI sections. In fact, the range of
values of the Isoperimetric Score do not overlap at all between the AA and PI sections.
Furthermore, the short term range of values of the Isoperimetric Score is much greater
during the AA sections than during the PI sections; in other words, it oscillates within
a greater range of values during the AA sections than during the PI section.
Cut Edge Score
Next, I will look at the Cut Edge Score over the course of the VAPI runs. The
values of the Cut Edge Score over the course of the same run as in Figure 8 can be
seen in Figure 10. The shape of this graph is extremely similar to the shape of the
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test
1
2
3
4
5
6
7
8
9
10

Min
AA
PI
2417.2 264.36
2398.2 237.52
2450.4 247.21
2397.7 233.29
2373.3 241.02
2324.1 269.70
2388.9 232.84
2287.6 227.64
2480.4 243.50
2344.3 268.02

Median
AA
PI
2986.1 324.20
3026.9 395.15
2973.6 317.24
2977.0 320.31
3002.9 339.41
2992.1 338.27
2993.2 333.31
2992.8 323.43
2975.0 310.65
2987.7 362.36

Max
AA
PI
3643.9 825.66
3654.7 814.70
3564.1 649.70
3604.6 801.24
3549.5 696.88
3692.6 803.74
3673.0 732.46
3568.8 832.25
3529.4 699.92
3562.0 755.86

IQR
AA
PI
211.65 74.817
215.34 148.25
214.35 76.063
224.99 77.219
219.37 70.576
206.96 81.807
218.11 70.812
209.35 136.28
204.44 82.906
203.83 77.872

Table 1: Minimums, Medians, Maximums, and IQR for Isoperimetric Score during
the AA and PI sections of the VAPI runs

Figure 9: Boxplots of Isoperimetric Score during VAPI runs. AA is on the left of
each pair, PI is on the right
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Figure 10: Cut Edge Score over the course of the 3 million steps of VAPI

Isoperimetric Score; Cut Edge Score decreases and increases as the sub-acceptance
function prioritizes and does not prioritize Isoperimetric Sore. This suggests a possible
relationship between Cut Edge Score and Isoperimetric Score. Moreover, just as with
the graph of Isoperimetric Score, the short term range of values seems to be larger
in the AA sections than in the PI sections. The minimum, median, and maximum of
this data, once again with the first 50,000 steps of each subsection cut out, is shown
in Table 2 and in Figure 11.
Once again, this data is consistent with the visual appearance of the data. The
Cut Edge Score is much higher during the AA section than the PI section.
Population Balance Score
The third and final score I will examine is the Population Balance Score. The
values of the Population Balance Score over the course of the same VAPI run as
in Figures 8 and 10 can be seen in Figure 12. In an interesting turn of events, the
Population Balance Score seems to actually increase during the PI sections. Moreover,
the amount of deviation in the Score seems to decrease during the PI sections. This
suggests a possible inverse relationship between Isoperimetric Score and Population
Balance Score. The Cut Edge Score also decreases during the PI sections of the VAPI
runs, suggesting there might be a relationship between Cut Edge Score and Population
Balance Score as well. I will discuss this possibility later in this section. There
also seems to be very little transition period; the function increases and decreases
almost immediately, to the point that any transition between high and low values
of Population Balance Score function cannot be seen clearly. Finally, the maximum
values of the Population Balance Score during the AA sections and the minimum
values during the PI sections seem to be nearby each other. The minimum, median,
maximum, and interquartile range (IQR) of this data, once again with the first 50,000
steps of each subsection cut out, is shown in Table 3 and in Figure 13. Though it
may not be particularly necessary to cut out the first 50,000 steps for the Population
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test
1
2
3
4
5
6
7
8
9
10

Min
AA
PI
1169 385
1168 366
1178 376
1169 360
1157 369
1141 391
1166 361
1140 358
1186 369
1156 390

Median
AA
PI
1301.0 426.0
1309.0 471.0
1296.0 424.0
1299.0 424.0
1304.0 438.0
1301.0 438.0
1302.0 434.0
1300.0 428.0
1299.0 416.0
1300.0 451.0

Max
AA
PI
1441 677
1445 670
1427 605
1433 670
1419 624
1444 673
1449 630
1425 686
1415 624
1414 652

IQR
AA
PI
47.0 46.0
46.0 82.0
48.0 48.0
49.0 51.0
49.0 48.0
45.0 49.0
49.0 46.0
46.0 86.0
45.0 53.0
46.0 43.0

Table 2: Minimums, Medians, and Maximums for the Cut Edge Score during the AA
and PI sections of the VAPI runs

Figure 11: Boxplots of Cut Edge Score during VAPI runs. AA is on the left of each
pair, PI is on the right
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Figure 12: Population Balance Score over the course of the 3 million steps of VAPI

Balance Score since there seems to be little transition time, I cut them out anyway
in the interest of consistency.
The Population Balance Score is extremely consistent during the AA sections;
the IQR does not change at all, in fact. Though outliers may di↵er slightly, the
overall shape of the boxplots is nearly identical. In addition, there are fewer outliers
for Population Balance Score than there were for Isoperimetric Score or Cut Edge
Score. The Population Balance Score is slightly less consistent during the PI sections,
although there is a hard maximum for Population Balance Score. The explanation
for this is that there was a restriction on the populations of any given district during
these runs. As described in Section 4.1, no single district could have a population that
deviated from the ideal population by more than 5% of the ideal. Therefore, there is
essentially a “worse case scenario” that gives a Population Balance Score of 0.7777,
and the Population Balance Score of a map cannot get higher than that without being
an invalid districting plan. In terms of the relationship between Population Balance
Score and the subfunctions of the VAPI runs, it is clear that while the AA and PI
sections may overlap, the median values are consistently di↵erent during the di↵erent
sections. Interestingly, the Population Balance Score increases as a result of the PI
subfunction. This means that prioritizing Isoperimetric Score actually hinders the
goal of having an even population balance.
Cut Edge Score as a function of Isoperimetric Score
Now that each of the Scores has been examined individually, I will spend some
time comparing the scores to one another. To start, I will examine the relationship
between Cut Edge Score and Isoperimetric Score. In Figure 14 there is a scatterplot
of the Population Balance Score and Cut Edge Score at each individual step during
a single run; that is, for each districting plan in a single ensemble. There is clearly
some sort of relationship between the two, but it is also clear that the relationship is
not linear. In order to correct this, I took the natural log of each of the variables and
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test
1
2
3
4
5
6
7
8
9
10

Min
AA
PI
0.1111 0.4722
0.1388 0.3888
0.1527 0.4444
0.1527 0.4722
0.1666 0.3888
0.0972 0.4444
0.1527 0.4444
0.1388 0.4166
0.1527 0.4722
0.1527 0.4444

Median
AA
PI
0.4027 0.6527
0.4027 0.6388
0.4027 0.6388
0.4027 0.6527
0.4027 0.6527
0.4027 0.6388
0.4027 0.6388
0.4027 0.6388
0.4027 0.6388
0.4027 0.6388

Max
AA
PI
0.6527 0.7777
0.6666 0.7777
0.6805 0.7777
0.6666 0.7777
0.6527 0.7777
0.6527 0.7777
0.6527 0.7777
0.6527 0.7777
0.6527 0.7777
0.6527 0.7777

IQR
AA
PI
0.0833 0.0555
0.0833 0.0555
0.0833 0.0555
0.0833 0.0694
0.0833 0.0555
0.0833 0.0694
0.0833 0.0694
0.0833 0.0694
0.0833 0.0555
0.0833 0.0555

Table 3: Minimums, Medians, and Maximums for the Population Balance Score
during the AA and PI sections of the VAPI runs

Figure 13: Boxplots of Population Balance Score during VAPI runs. AA is on the
left of each pair, PI is on the right
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Figure 14: Comparison of the Cut Edge Score against the Isoperimetric Score during
a VAPI run

plotted those against one another. The results of this transformation on the graph
in Figure 14 can be found in Figure 15; in addition, I did a linear regression on this
log-transformed data, which can be seen in Figure 15 as well.
I followed this procedure for each of the ten VAPI runs; the slopes and intercepts
of the lines that resulted are presented in Table 4. The R2 values are all very high,
suggesting that the linear relationship between the log transformed variables is very
strong. Looking at the results from the first test, we find the equation
ln (CES) = 3.1537 + 0.5018 ⇤ ln (IS)

(4)

where CES is the Cut Edge Score and IS is the Isoperimetric Score. After some
algebra, this results in the relationship shown in Equation 5.
CES = 23.4237 ⇤ (IS)0.5019

(5)

In other words, a 10% increase in IS results in a 4.899% increase in CES. This
method of interpretation applies to all the regressions in this paper that use a log-log
transform on the variables.
However, a graph of the residuals for test 1 can be found in Figure 16. This plot
is unbalanced; there is an overrepresentation of points far below zero in comparison
to points far above zero. While this problem is not severe, it does suggest that the
model can be improved. There were several things I tried in order to correct this
problem.
I tried several other transformations on the data, but each resulted in residuals far
worse than were presented in Figure 16. Another avenue I tried was splitting the data
into the AA and PI sections and running two separate linear regressions. However,
this still did not result in even residuals, likely because only a very small portion of
22

Figure 15: Comparison of the log of the Cut Edge Score against the log of the
Isoperimetric Score during a VAPI run. The points are in blue, and a linear regression
on this data is shown in red.

test
1
2
3
4
5
6
7
8
9
10

Intercept
3.1537
3.1552
3.1682
3.1442
3.1590
3.1694
3.1595
3.1609
3.1452
3.1608

Slope
0.5018
0.5015
0.4999
0.5030
0.5010
0.4998
0.5010
0.5007
0.5027
0.5007

R2
0.9998
0.9998
0.9999
0.9998
0.9998
0.9999
0.9998
0.9997
0.9994
0.9998

Table 4: Parameters and R2 values for each Linear Regression on the log of Cut Edges
vs the log of Isoperimetric Score during VAPI runs
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Figure 16: Residuals of Linear Regression on log of Cut Edge Score and log of Isoperimetric Score during a VAPI run

the data represented the space between the high and low values for Isoperimetric and
Cut Edge Score. That is, the transition periods at the beginning of each subsection
had relatively few data points in comparison to the amount of data at the high and
low sections. In an attempt to solve this problem, I tried running regressions on
the separate sections without the influence of the first 50,000 data points in each
subsection. In other words, I only focused on the equilibrium behavior. The residuals
of test 1 for the AA and PI sections of the run can be seen in Figure 17. This resulted
in a much smaller range of values for each linear regression. The results of all these
linear regressions can be seen in Table 5, and images of two of them can be found in
Figure 18.
While the di↵erences between the AA and PI sections may be slight, there is a
di↵erence. The AA values for intercepts are slightly lower than the values for PI.
The values for slope are higher for AA than PI. These results suggest that even after
the log of each variable was taken, the resulting dataset was still curved slightly,
though this time it was concave up rather than concave down. The R2 for both of
the subfunctions are less than the R2 values when looking at all the values together
as seen in Table 4. This may be because fewer data points were used, as well as
the fact that the range of values was smaller. However, the R2 values are still very
high. Overall, the results from splitting the data have not provided significantly more
insight into the relationship between Isoperimetric Score and Cut Edge Score at this
time.
Population Balance Score as a function of Isoperimetric Score
As discussed previously, Population Balance Score increases to a higher equilibrium during the PI sections of the runs. Because of this, a comparison between the
two needed to be examined. I plotted the two scores against one another, resulting
in the graph in Figure 19. There seems to be a slight downward trend, so I did an24

(a)

(b)

Figure 17: Residuals for Linear Regression on log of Cut Edge Score against the log
of Isoperimetric Score during the (a) AA section and (b) PI section of a VAPI run

test
1
2
3
4
5
6
7
8
9
10

Intercept
AA
PI
3.1096 3.2148
3.1393 3.2457
3.0435 3.2194
3.1745 3.1673
3.0828 3.2484
3.1533 3.2403
3.1031 3.2743
3.1929 3.2057
3.1196 3.3314
3.0703 3.2906

Slope
AA
0.5075
0.5037
0.5156
0.4993
0.5107
0.5019
0.5082
0.4969
0.5063
0.5123

PI
0.4914
0.4864
0.4911
0.4990
0.4858
0.4877
0.4813
0.4931
0.4707
0.4788

R2
AA
0.9881
0.9886
0.9868
0.9911
0.9888
0.9886
0.9892
0.9878
0.9887
0.9842

PI
0.9973
0.9983
0.9987
0.9970
0.9958
0.9992
0.9965
0.9958
0.9869
0.9959

Table 5: Parameters and R2 values for each Linear Regression on Cut Edges vs
Isoperimetric Score for AA and PI sections during VAPI run
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(a)

(b)

Figure 18: Linear Regression on log of Cut Edge Score against the log of Isoperimetric
Score during the (a) AA section and (b) PI section of a VAPI run
other linear regression on this plot. This time, transformation of the variables is not
needed, as is apparent when looking at the residuals of the graph, shown in Figure
20, which hold no pattern. The final regression line against the scatter plot can be
seen in Figure 21.
As may be apparent from the graph, this is not a strong relationship, and there is a
lot of variation that cannot be explained by the regression. This is reflected in the R2
values in Table 6. While these numbers are not very high, it is still clear that there
is some negative relationship between Population Balance Score and Isoperimetric
Score.
Population Balance Score as a function of Cut Edge Score
Finally, I will examine the last possible comparison of two variables, Population
Balance Score and Cut Edge Score. Because of the relationship between Cut Edge
Score and Isoperimetric Score, it will be interesting to examine if the relationship
between Population Balance Score and Cut Edge Score is di↵erent from the relationship between Population Balance Score and Isoperimetric Score. An examination
of Figure 22 shows that there is indeed a similar relationship; there seems to be a
general downward trend in the data which needs to be examined further. I ran a
linear regression on this data; the residuals can be seen in Figure 23, and the actual regression line can be seen in Figure 24. As was expected, this regression looks
nearly identical to the regression line in Figure 21, although the two are of course on
completely di↵erent scales.
The results of the linear regression on each of the VAPI runs can be seen in Table
7. Once again, the values for R2 are rather weak, and suggest a mild relationship at
best. That said, the intercept and slope values are very consistent, which suggests that
the relationship between Cut Edge Score and Population Balance Score is consistent,
even if that relationship is not very strong.
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Figure 19: Comparison of the Population Balance Score against the Isoperimetric
Score during a VAPI run

Figure 20: Residuals of Linear Regression on Population Balance Score and Isoperimetric Score during a VAPI run
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Figure 21: Linear Regression on Population Balance Score and Isoperimetric Score
during a VAPI run

test
1
2
3
4
5
6
7
8
9
10

Intercept
0.6877
0.6806
0.6701
0.6805
0.6843
0.6691
0.6691
0.6669
0.6759
0.6727

Slope
9.414 ⇥ 10
9.074 ⇥ 10
8.832 ⇥ 10
9.172 ⇥ 10
9.186 ⇥ 10
8.747 ⇥ 10
8.745 ⇥ 10
8.696 ⇥ 10
9.068 ⇥ 10
8.960 ⇥ 10

5
5
5
5
5
5
5
5
5
5

R2
0.8140
0.7799
0.7960
0.7964
0.7875
0.7669
0.7726
0.7755
0.8009
0.7818

Table 6: Parameters and R2 values for each Linear Regression on Population Balance
Score vs Isoperimetric Score during a VAPI run
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Figure 22: Comparison of the Population Balance Score against the Cut Edge Score
during a VAPI run

Figure 23: Residuals of Linear Regression on Population Balance Score and Cut Edge
Score during a VAPI run
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Figure 24: Linear Regression on Population Balance Score and Cut Edge Score during
a VAPI run

test
1
2
3
4
5
6
7
8
9
10

Intercept
0.7819
0.7786
0.7584
0.7701
0.7769
0.7575
0.7558
0.7535
0.7649
0.7664

Slope
-0.0002855
-0.0002816
-0.0002684
-0.0002761
-0.0002801
-0.0002653
-0.0002649
-0.0002631
-0.0002736
-0.0002756

R2
0.7966
0.7623
0.7847
0.7792
0.7745
0.7435
0.7558
0.7556
0.7891
0.7704

Table 7: Parameters and R2 values for each Linear Regression on Population Balance
Score vs Cut Edge Score during a VAPI run

30

Figure 25: Cut Edge Score over the course of the 3 million steps of VAPCE

5.1.3

VAPCE

For a complete set of graphs representing the results of this section, see Appendix
A.2.
Cut Edge Score
This section will focus on the results of the 10 VAPCE runs in which I alternated
between the AA subfunction and the PCE subfunction. This time, I will start by
examining the Cut Edge Score, which is what was prioritized in these runs. The
results of one of the runs is shown in Figure 25. These results look similar to how
the Cut Edge Score evolved over the course of the runs in VAPI, but there are a
few key di↵erences. First o↵, the Cut Edge Score is able to get much lower during
this run than it was during the VAPI runs. This is unsurprising, as Cut Edge Score
is what is being prioritized here, rather than Isoperimetric Score. In addition, the
shape of the PCE sections is di↵erent than the shape of the PI sections. The Cut
Edge Score is much “boxier” in the VAPCE runs. It drops very sharply as it did in
VAPI, but rather than gradually leveling o↵, it levels o↵ very quickly and stays at
the same value. This low value represents a practical minimum for Cut Edge Score;
what determines this value requires further investigation.
Table 26 also provides strong evidence that the Cut Edge Score drops o↵ fasterthe IQR is much smaller for the VAPCE runs than it is for the VAPI runs. This
means that the Cut Edge Score reaches a particular value and stays very near there
for the duration of the PCE subsection. The results for the AA portions of the runs
remains similar to the AA results from the VAPI runs, which makes sense considering
they are the same subfunction. It is important to point out, however, because the
PCE function may have had some a↵ect on the results of the AA function; regardless,
it does not seem to do so. Moreover, the values for Cut Edge Score during the PCE
section are clearly lower than the values of the Cut Edge Score during the PI section of
the VAPI runs. The maximum values go from being consistently in the 600s to being
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test
1
2
3
4
5
6
7
8
9
10

Min
AA PCE
1149 302
1181 299
1130 296
1161 301
1184 303
1180 303
1173 312
1186 295
1188 310
1173 303

Median
AA
PCE
1297.0 322.0
1293.0 321.0
1295.0 316.0
1297.0 329.0
1303.0 326.0
1301.0 327.0
1303.0 334.0
1301.0 342.0
1297.0 337.0
1298.0 323.0

Max
AA PCE
1425 378
1405 385
1417 381
1421 368
1438 378
1432 370
1426 381
1439 408
1423 373
1432 357

IQR
AA PCE
46.0 12.0
48.0 19.0
47.0 19.0
49.0 15.0
44.0 14.0
46.0 14.0
47.0 14.0
47.0 24.0
48.0 14.0
50.0 9.0

Table 8: Minimums, Medians, and Maximums for the Cut Edge Score during the AA
and PCE sections of the VAPCE runs

Figure 26: Boxplots of Cut Edge Score during VAPCE runs. AA is on the left of each
pair, PCE is on the right
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Figure 27: Isoperimetric Score over the course of the 3 million steps of VAPCE

consistently in the 300s. This evidence supports our earlier visual observation that
the VAPCE runs cause the Cut Edge Score to decrease faster and more dramatically.
Isoperimetric Score
Looking at the Isoperimetric Score over the course of one of the VAPCE runs as
seen in Figure 27, we notice much of the same pattern as is seen in the Cut Edge
Score. In fact, Isoperimetric Score seems to be even more “boxy” than the Cut
Edge Score. It reaches a minimum very quickly and then stays there during the
PCE sections. A very interesting aspect of this run is that, when looking at Table
9 and Table 1, we can see that the Isoperimetric Score is actually much lower when
Cut Edge Score is prioritized during the VAPCE runs than when Isoperimetric Score
itself is prioritized during the VAPI runs. In fact, none of the maximum values of
the VAPCE runs for Isoperimetric Score during the PCE sections is greater than
any of the minimum values of Isoperimetric Score during the VAPI runs! This is
extraordinarily interesting and potentially very useful. Isoperimetric Score is used
more often in actual examinations of gerrymandering, but measuring and prioritizing
Cut Edge Score seems to decrease the Isoperimetric Score more quickly; based on
this, researchers could prioritize Cut Edge Score while recording and interpreting the
Isoperimetric Score, resulting in more overall compact districting plans.
Population Balance Score
The results of the Population Balance Score in this section are definitely di↵erent
from expected; so far, the results have been similar to the results from the VAPI
runs. However, Population Balance Score is entirely di↵erent. Looking at Figure 29,
we can see that the Population Balance Score does not seem to vary at all between
the AA and PCE subfunctions! Instead, it continues to stay between the bounds of
approximately 0.2 and 0.6. These are the same bounds as seen in the AA sections of
the VAPI runs as compared to the bounds of approximately 0.6 to 0.77 during the PI
sections of the VAPI runs. This result may signify another advantage to prioritizing
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test
1
2
3
4
5
6
7
8
9
10

Min
AA
PCE
2384.8 165.31
2467.5 163.69
2291.8 161.05
2407.6 167.28
2478.3 168.35
2469.4 170.55
2453.2 180.84
2490.6 159.58
2487.7 175.71
2446.3 168.96

Median
AA
PCE
2972.7 190.92
2950.9 189.79
2960.7 184.51
2970.9 201.33
2998.5 197.94
2989.4 195.18
3000.3 207.01
2993.3 216.89
2978.4 207.22
2970.4 193.61

Max
AA
PCE
3592.4 270.73
3482.6 274.03
3519.8 263.08
3560.3 251.17
3623.0 270.19
3607.7 246.57
3582.0 276.16
3675.0 299.21
3602.8 255.04
3606.0 242.29

IQR
AA
PCE
205.81 16.019
209.69 26.215
211.83 20.472
220.30 18.246
199.12 17.861
208.09 15.479
209.39 16.313
212.93 29.017
213.80 15.361
220.86 11.484

Table 9: Minimums, Medians, and Maximums for the Isoperimetric Score during the
AA and PCE sections of the VAPCE runs

Figure 28: Boxplots of Isoperimetric Score during VAPCE runs. AA is on the left of
each pair, PCE is on the right
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Figure 29: Population Balance Score over the course of the 3 million steps of VAPCE

Cut Edge Score. On this idealized grid state, the PCE sub-acceptance function does
not a↵ect the Population Balance Score, in complete contrast with the PI sections
during the VAPI runs which increased the Population Balance Score.
Cut Edge Score as a function of Isoperimetric Score
The Cut Edge Score and Isoperimetric Score still seem to have some relationship
within the VAPCE runs. The two statistics plotted against one another are shown in
Figure 31. It is important to examine this relationship in detail not only to understand
the VAPCE runs better, but in order to compare these results with the relationship
in the VAPI runs. Firstly, the shape seems extremely similar to the shape during
the VAPI runs; once again, I transformed the data by taking the natural log of both
variables. The results of a linear regression on this transformed data is shown in
Figure 32, and the residuals of this regression are shown in Figure 33.
However, the residuals are unbalanced again; the displacement below the regression line is much higher than the displacement above it. Therefore, in addition to
running linear regressions on the entirety of each dataset, I also ran linear regressions
on the data from each of the subfunctions without the first 50,000 points from each
subsection. The statistics on the whole of each data set can be found in Table 11,
and the AA and PCE results can be found in Table 12. The AA and PCE residuals
can be seen in Figure 35a and 35b; these residuals are much more even. Graphical
representations of the AA and PCE results can be found in Figure 34. Regardless of
which regressions we look at, we can see that there is a strong relationship between
Cut Edge Score and Isoperimetric Score. How the relationship during the VAPCE
runs compares to the relationship during the VAPI and VAPPB runs will be examined
in more detail at the end of this section.
Population Balance Score as a function of Cut Edge Score
Next, I will examine the relationship between Population Balance Score and Cut
Edge Score during the VAPCE run. This graph is very interesting because it presents
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test
1
2
3
4
5
6
7
8
9
10

Min
AA
PCE
0.1527 0.1527
0.1527 0.1388
0.1666 0.1527
0.1527 0.1527
0.1527 0.1666
0.1527 0.1666
0.1388 0.1527
0.1527 0.1527
0.1249 0.1388
0.1527 0.1388

Median
AA
PCE
0.4027 0.4027
0.4027 0.4027
0.4027 0.4027
0.4027 0.4027
0.4027 0.4027
0.4027 0.4166
0.4027 0.4166
0.4027 0.4166
0.4027 0.4166
0.4027 0.4166

Max
AA
PCE
0.6666 0.6805
0.6388 0.6388
0.6527 0.6527
0.6388 0.6805
0.6805 0.6666
0.6666 0.6666
0.6527 0.6666
0.6666 0.6805
0.6805 0.6666
0.6666 0.6805

IQR
AA
PCE
0.0833 0.0833
0.0833 0.0833
0.0833 0.0833
0.0833 0.0972
0.0833 0.0833
0.0833 0.0833
0.0833 0.0694
0.0833 0.0833
0.0833 0.0833
0.0833 0.0833

Table 10: Minimums, Medians, and Maximums for the Population Balance Score
during the AA and PCE sections of the VAPCE runs

Figure 30: Boxplots of Population Balance Score during VAPCE runs. AA is on the
left of each pair, PCE is on the right
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Figure 31: Comparison of the Cut Edge Score against the Population Balance Score
during a VAPCE run

Figure 32: Comparison of the log of the Cut Edge Score against the log of the
Population Balance Score during a VAPCE run. The points are in blue, and a linear
regression on this data is shown in red.
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Figure 33: Residuals of Linear Regression on log of Cut Edge Score and log of Isoperimetric Score during VAPCE run

test
1
2
3
4
5
6
7
8
9
10

Intercept
3.1078
3.1057
3.1120
3.0984
3.0998
3.1151
3.0985
3.1129
3.1215
3.0964

Slope
0.50752682
0.50786835
0.50718092
0.50876601
0.50862017
0.50666437
0.50870322
0.50691343
0.50567633
0.50913184

R2
0.9999
0.9999
0.9999
0.9999
0.9999
0.9999
0.9998
0.9998
0.9999
0.9999

Table 11: Parameters and R2 values for each Linear Regression on the log of Cut
Edges vs the log of Isoperimetric Score during VAPCE runs
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test
1
2
3
4
5
6
7
8
9
10

Intercept
AA
PCE
3.1185 3.4218
3.1148 3.3774
3.0751 3.0777
3.0690 3.2068
3.1099 3.2476
3.1157 3.0785
3.0999 3.3125
3.0829 2.9596
3.1536 2.9209
3.1091 3.3224

Slope
AA
PCE
0.5063 0.4478
0.5068 0.4561
0.5118 0.5136
0.5125 0.4882
0.5074 0.4805
0.5067 0.5135
0.5086 0.4686
0.5107 0.5354
0.5018 0.5432
0.5076 0.4662

R2
AA
0.9871
0.9863
0.9900
0.9888
0.9857
0.9872
0.9898
0.9871
0.9861
0.9907

PCE
0.9752
0.9868
0.9912
0.9837
0.9799
0.9682
0.9705
0.9917
0.9752
0.9771

Table 12: Parameters and R2 values for each Linear Regression on Cut Edges vs
Isoperimetric Score for AA and PCE sections during VAPCE run

(a)

(b)

Figure 34: Linear Regression on log of Cut Edge Score against the log of Isoperimetric
Score during the (a) AA section and (b) PCE section of a VAPCE run
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(a)

(b)

Figure 35: Residuals for Linear Regression on log of Cut Edge Score against the log
of Isoperimetric Score during the (a) AA section and (b) PCE section of a VAPCE
run
a very di↵erent result than was found during the VAPI runs- that is, that there is
no relationship between Population Balance Score and Cut Edge Score at all. This
was first made apparent in Figure 29, the evolution of the Population Balance Score
function during the course of the VAPCE runs. The Population Balance Score seemed
to not change dramatically at all during the course of this run. However, Figure 36
does have some interesting features; while there seems to be no linear relationship
between the two scores, it does appear that the Population Balance Score varies more
when Cut Edge Score is at a maximum or minimum. However, this can be explained
by the fact that Cut Edge Score spends more time at its extreme values than it does
in the middle, giving the Population Balance Score more of a chance to vary; there
are simply more points on those sections of the graph.
Though there seems to be quite obviously no linear relationship on this graph,
I did run a linear regression on each of the 10 tests; the largest R2 value of these
linear regressions was 0.0193. While unsurprising, this does confirm that there is no
obvious relationship between Cut Edge Score and Population Balance Score during
the VAPCE runs.
Population Balance Score as a function of Isoperimetric Score
For completion’s sake, I will compare the Population Balance Score to the Isoperimetric Score as it stood during the VAPCE runs. The results from one run are
provided in Figure 37. In the same fashion as the Cut Edge Score, Isoperimetric
Score seems to have no relationship with Population Balance Score. This is a marked
change from the results of the VAPI runs. The reasons for this are very intriguing,
and will be examined in further detail at the end of this section.
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Figure 36: Comparison of the Population Balance Score against the Cut Edge Score
during a VAPCE run

Figure 37: Comparison of the Population Balance Score against the Isoperimetric
Score during a VAPCE run
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Figure 38: Population Balance Score over the course of the 3 million steps of a VAPPB
run

5.1.4

VAPPB

For a complete set of graphs representing the results of this section, see Appendix
A.3.
Population Balance Score
Finally, I will go into the results of the VAPPB runs, which alternated between
AA and PPB sub-acceptance functions. During these runs, the Population Balance
Score was being prioritized during PPB sections. The evolution of Population Balance Score in one of the runs is shown in Figure 38. It’s almost comical how quickly
the Population Balance Score rises and declines as a result of the changing acceptance subfunctions. There is almost no transition period for the Population Balance
Score here, but for the sake of consistency, the first 50,000 steps were cut out of the
subsections when making Table 13. Looking at Table 13, it is clear that there is very
little variation in the Population Balance during di↵erent VAPPB runs. Moreover, it
is very obvious that Population Balance Score is higher during the AA sections than
it is during the PPB sections; the boxplots in Figure 39 also show this. There is a
clear minimum that Population Balance Score cannot pass; this minimum is exactly
zero, which is what the Population Balance Score is when all the districts have the
exact same population (in this case, 144). The Population Balance Score varies less
during the PPB sections, but it is unclear whether this is due to the sub-acceptance
function or because of this hard minimum.
Isoperimetric Score
Next, I will look at the Isoperimetric Score over the course of the VAPPB runs.
Figure 40 shows one such run. It seems that the PPB sub-acceptance function had
no e↵ect on the Isoperimetric Score; the graph shows little visual di↵erence, and this
is supported by the results shown in Table 14 and Figure 41. I also ran t-tests on
the minimum, median, and maximum values of the AA and PPB sections to see if
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test
1
2
3
4
5
6
7
8
9
10

Min
AA
PPB
0.1388 0.0
0.1666 0.0
0.1249 0.0
0.1527 0.0
0.1388 0.0
0.1666 0.0
0.1666 0.0
0.1805 0.0
0.1388 0.0
0.1666 0.0

Median
AA
PPB
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277
0.4027 0.0277

Max
AA
PPB
0.6944 0.0972
0.6666 0.0972
0.6388 0.1111
0.6527 0.1111
0.6666 0.0972
0.6666 0.0972
0.6666 0.1111
0.6944 0.1111
0.6388 0.1111
0.6527 0.1111

IQR
AA
PPB
0.0833 0.0138
0.0833 0.0138
0.0833 0.0138
0.0833 0.0138
0.0833 0.0277
0.0833 0.0138
0.0833 0.0138
0.0833 0.0277
0.0833 0.0138
0.0833 0.0138

Table 13: Minimums, Medians, and Maximums for the Population Balance Score
during the AA and PPB sections of the VAPPB runs

Figure 39: Boxplots of Population Balance Score during VAPPB runs. AA is on the
left of each pair, PPB is on the right
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Figure 40: Isoperimetric Score over the course of the 3 million steps of a VAPPB run

these statistics were significantly di↵erent between the two sub-acceptance functions.
The null hypotheses of these tests were that the population mean of the minimum,
median, maximum and IQR values is the same when comparing the AA sections to
the PPB sections.
Comparing the minimum values of the AA and PPB sections resulted in a p-value
of 0.7105. Because this p-value is much higher than 0.05, we fail to reject the null
hypothesis that the average minimum value of Isoperimetric Score during a VAPPB
run is the same regardless of the sub-acceptance function. This further supports
that the sub-acceptance functions of AA and PPB do not a↵ect the minimum of
the Isoperimetric Score. Similarly, the median has a p-value of 0.2069; this means
that we once again fail to reject the null hypothesis, which again supports that the
median value of Isoperimetric Score is not a↵ected by whether the AA or PPB subacceptance function is used. Moreover, the p-value that results from comparing the
IQRs is 0.5649, which is once again not statistically significant and we again fail
to reject the null hypothesis. In short, there is no statistically significant di↵erence
between the minimum, median, and IQR values reached during the AA and PPB
sections of the VAPPB runs. However, the maximum value has a di↵erent result;
with a p-value of 0.0073, we do reject the null hypothesis. Therefore, the maximum
Isoperimetric Score during a VAPPB run is di↵erent depending on whether the AA or
PPB acceptance function is used. The average maximum value of Isoperimetric Score
during the AA sections is 3630.1 and the average during the PPB sections is 3561.7.
This suggests that the AA sub-function allows for Isoperimetric Score to be higher
than the PPB sub-acceptance function, or in other words, prioritizing Population
Balance prevents the Isoperimetric Score from becoming as high as it might during
an AA section.
In summary, while Isoperimetric Score is not highly a↵ected by the PPB subacceptance function, it may be slightly a↵ected by it.
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test
1
2
3
4
5
6
7
8
9
10

Min
AA
PPB
2341.6 2554.7
2500.4 2434.2
2453.6 2486.3
2484.7 2507.0
2454.2 2529.9
2464.1 2388.3
2486.5 2490.3
2508.1 2376.2
2491.9 2485.6
2487.1 2509.8

Median
AA
PPB
2996.9 3036.0
2993.8 2996.4
2999.6 3005.5
2977.3 2996.3
2979.0 3032.5
3015.2 3007.3
2999.7 3046.4
3022.0 2983.8
3024.9 2999.2
2947.0 2985.1

Max
AA
PPB
3565.4 3597.8
3592.3 3566.0
3666.1 3530.5
3543.1 3571.7
3666.0 3529.0
3719.1 3632.7
3648.9 3626.1
3631.1 3555.2
3657.5 3531.4
3611.2 3476.6

IQR
AA
PPB
213.69 217.50
204.90 209.01
215.84 211.42
217.82 202.04
198.41 219.09
215.79 192.70
206.81 241.39
196.42 234.55
202.31 208.02
217.39 188.37

Table 14: Minimums, Medians, and Maximums for the Isoperimetric Score during
the AA and PPB sections of the VAPPB runs

Figure 41: Boxplots of Isoperimetric Score during VAPPB runs. AA is on the left of
each pair, PPB is on the right
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Figure 42: Cut Edge Score over the course of the 3 million steps of a VAPPB run

Cut Edge Score
Examining Cut Edge Score yields similar results to examining the Isoperimetric
Score. Once again, there is no clear a↵ect on Cut Edge Score as a result of the
changing sub-acceptance function. The first test can be seen in Figure 42, and the
summary statistics of each of the tests of VAPPB can be seen in Table 15 and Figure
43. Once again, I ran t-tests on these statistics to see if there was a di↵erence between
each list comparing the AA results and PPB results.
The p-value for comparison of the minimums is 0.7825, which is not statistically
significant. In addition, the median and IQR t-tests resulted in p-values of 0.2809
and 0.6622 respectively, both of which are not statistically significant. This means
that the minimums, medians, and IQRs of the Cut Edge Score do not change as a
result of which sub-acceptance function is in e↵ect during that portion of the run.
However, the maximum values once again do not follow this pattern; the p-value
comparing the lists of maximum values is 0.0197, which is statistically significant.
Therefore, we must reject the null hypothesis in favor of the alternative that the true
mean values for the maximum value of Cut Edge Score during the AA and PPB
sections of the VAPPB runs are di↵erent. The mean of the maximum values for AA
was 1435.1, which is greater than 1421.7 which was the average maximum during
the PPB sections. This matches Isoperimetric Score. While prioritizing Population
Balance Score seems to have no a↵ect on the minimum, median, or IQR values, it
does seem to keep the maximum values lower.
Cut Edge Score as a function of Isoperimetric Score
Despite the completely di↵erent behavior of Isoperimetric Score and Cut Edge
Score in VAPPB in comparison to VAPI and VAPCE, there still remains a strong
relationship between Isoperimetric Score and Cut Edge Score, as is seen in Figure
44. However, this relationship is less obviously strong, as there are fewer points that
make up the lower left half of the graph; Figure 40 and 42 show this obviously, since
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test
1
2
3
4
5
6
7
8
9
10

Min
AA PPB
1147 1196
1184 1165
1179 1190
1182 1190
1182 1196
1183 1162
1182 1183
1189 1154
1188 1183
1173 1187

Median
AA
PPB
1303.0 1309.0
1302.0 1302.0
1304.0 1305.0
1298.0 1302.0
1299.0 1311.0
1307.0 1304.0
1302.0 1313.0
1307.0 1298.0
1308.0 1304.0
1290.0 1298.0

Max
AA PPB
1417 1429
1426 1426
1444 1408
1417 1429
1445 1418
1455 1438
1432 1432
1441 1414
1444 1415
1430 1408

IQR
AA PPB
47.0 48.0
46.0 46.0
48.0 47.0
48.0 44.0
44.0 48.0
48.0 43.0
46.0 53.0
42.0 52.0
44.0 45.0
49.0 42.0

Table 15: Minimums, Medians, and Maximums for the Cut Edge Score during the
AA and PPB sections of the VAPPB runs

Figure 43: Boxplots of Cut Edge Score during VAPPB runs. AA is on the left of each
pair, PPB is on the right
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Figure 44: Comparison of the Cut Edge Score against the Isoperimetric Score during
a VAPPB run

there are very few values on these graphs that are lower than 1100, in the case of Cut
Edge Score, and 2400, in the case of Isoperimetric Score. This makes the scatterplot
unbalanced. Regardless, I did a linear regression on the log-transform of the two
variables, and the results of all ten of these linear regressions are shown in Table 16.
The graph of one of these linear regressions is shown in Figure 45, with the residuals
shown in Figure 46. The R2 values are quite high, yet the residuals are a mess.
Due to the residuals, as well as the fact that I wanted to examine if the PPB
sub-acceptance function had any sort of e↵ect on the relationship between Cut Edge
Score and Isoperimetric Score, I ran linear regressions on the two sections separately
as I did in Sections 5.1.2 and 5.1.3. The results of these linear regressions compared
to one another are shown in Table 17; graphical representations can be found in
Figure 47. Notably, the residuals of both of these groups of linear regressions are
much better than the residuals from looking at all of the data at once as in Figure
46; the residuals for the AA and PPB sections can be seen in Figure 48. The two
sub-acceptance functions show similar results, which is unsurprising since I found
little di↵erence in the two statistics depending on the AA or PPB sub-acceptance
functions. However, to be precise, I ran two sample t-tests on the intercept and slope
values to determine if there was any significant di↵erence between the two functions.
The two tests resulted in p-values of 0.7759 for intercept and 0.7729 for slope, further
suggesting that there is no significant di↵erence between the results of the linear
regression from the AA sections and the results from the PPB sections. Based on the
R2 values from all three of the linear regressions, we can determine that there is a
significant relationship between Cut Edge Score and Isoperimetric Score during the
VAPPB runs.
Population Balance Score as a function of Isoperimetric Score
We identified a slight relationship in the VAPI runs but no relationship in the
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Figure 45: Comparison of the log of the Cut Edge Score against the log of the Isoperimetric Score during a VAPPB run. The points are in blue, and a linear regression on
this data is shown in red.

Figure 46: Residuals of Linear Regression on log of Cut Edge Score and log of Isoperimetric Score during VAPPB run
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test
1
2
3
4
5
6
7
8
9
10

Intercept
3.0314
3.0277
3.0644
3.0819
3.0063
3.0316
3.0216
3.0355
3.0801
3.0386

Slope
0.51711522
0.51762136
0.51311643
0.51090488
0.52037964
0.51715756
0.51838161
0.51657229
0.51112974
0.51621935

R2
0.9930
0.9935
0.9925
0.9944
0.9929
0.9921
0.9939
0.9909
0.9936
0.9911

Table 16: Parameters and R2 values for each Linear Regression on the log of Cut
Edges vs the log of Isoperimetric Score during VAPPB runs

(a)

(b)

Figure 47: Linear Regression on log of Cut Edge Score against the log of Isoperimetric
Score during the (a) AA section and (b) PPB section of a VAPPB run
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test
1
2
3
4
5
6
7
8
9
10

Intercept
AA
PPB
3.1692 3.1348
3.0828 3.0970
3.1395 3.1371
3.1469 3.1345
3.1208 3.0765
3.1496 3.0765
3.1063 3.0753
3.0894 3.1339
3.1033 3.1165
3.0201 3.0996

Slope
AA
PPB
0.4999 0.5042
0.5106 0.5090
0.5037 0.5040
0.5027 0.5043
0.5061 0.5116
0.5024 0.5115
0.5077 0.5117
0.5099 0.5042
0.5081 0.5065
0.5185 0.5085

R2
AA
0.9904
0.9837
0.9846
0.9871
0.9884
0.9882
0.9858
0.9868
0.9861
0.9847

PPB
0.9895
0.9900
0.9861
0.9887
0.9883
0.9856
0.9903
0.9836
0.9880
0.9801

Table 17: Parameters and R2 values for each Linear Regression on Cut Edges vs
Isoperimetric Score for AA and PPB sections during VAPPB run

(a)

(b)

Figure 48: Residuals for Linear Regression on log of Cut Edge Score against the log
of Isoperimetric Score during the (a) AA section and (b) PPB section of a VAPPB
run
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Figure 49: Comparison of the Population Balance Score against the Isoperimetric
Score during a VAPPB run

VAPCE runs. Keeping this in mind, we do not know whether the VAPPB runs
reveal any relationship between the Population Balance Score and the Isoperimetric
Score. Looking at Figure 49, we see a very odd shape. However, this shape does not
actually tell us much of anything; there is no significant relationship between these
two variables during VAPPB in particular. The scatterplot should be examined in
slightly more detail; there is a tail, which shows when the Population Balance Score
increases greatly in a short period of time; the Isoperimetric Score also increases, but
takes longer to reach its equilibrium range. When it does, the Population Balance
Score moves up and down between the two blobs as a result of the changing subacceptance function. The Population Balance Score spends little time in between its
two equilibrium states, so we see a blob at each level where the Population Balance
Score stabilizes.
Population Balance Score as a function of Cut Edge Score
Finally, I examined the Population Balance Score as it changes with Cut Edge
Score. The scatterplot in Figure 50 shows a similar relationship between the two
variables as we saw in the comparison between Population Balance Score and Isoperimetric Score. Overall, similar reasoning applies; no interesting conclusions can be
drawn from this scatterplot.
5.1.5

Summary of Results on Idealized Grid-State

So far, we have observed that each type of run- VAPI, VAPCE, and VAPPB- shows
the same behavior in regards to the score it prioritizes. In VAPI runs, Isoperimetric
Score rises during AA sections, and falls during PI sections; similarly, Cut Edge and
Population Balance Score rise and fall in VAPCE and VAPPB, respectively. This is
not surprising, as this is exactly what these acceptance functions were designed to
do. When prioritizing one score, we have seen varied a↵ects on the other two. In this
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Figure 50: Comparison of the Population Balance Score against the Cut Edge Score
during a VAPPB run

section, I will recap the results that I found on the idealized grid-state. These results
will be important to keep in mind moving forward into the second half of Section 5.
One of the most interesting results of this section is that Isoperimetric Score
reaches a lower minimum during the VAPCE runs than it does during VAPI runs,
and it reaches it more quickly. This suggests that prioritizing Cut Edge Score does a
better job of ensuring compact districting plans than does Isoperimetric Score. This
could prove useful when examining gerrymandering. Isoperimetric Score is a more
commonly used score than Cut Edge Score, and is a more sensitive score; that is, it
is a continuous score than can change more easily based on single steps than can Cut
Edge Score. Researchers may therefore prefer to use it over Cut Edge Score when
examining districting plans. These results on idealized grid states suggest that in
such situations, researchers may want to prioritize Cut Edge Score as a method of
achieving lower Isoperimetric Scores; this will be particularly useful if it holds true
for more complex state structures, which we will examine in the next section.
Another reason Cut Edge Score may prove useful is due to the fact that the Population Balance Score function was not a↵ected by the PCE sections of the VAPCE
runs at all, while the Population Balance Score increased by a large amount during
the PI sections of the VAPI runs. People researching gerrymandering prioritize multiple types of scores during their runs, and it would be useful to be able to prioritize
compactness without sacrificing a good Population Balance Score.
While the VAPCE runs show that Cut Edge Score is a good score to use to
efficiently generate compact districting plans using either the Isoperimetric or Cut
Edge Score, VAPPB has little e↵ect on compactness. This is important to note;
population balance is a key requirement for districting plans in every state, so it is
good to know that prioritizing Population Balance Score does not prove a hindrance
or slow down the process of generating compact scores.
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Intercept
Slope

VAPI and VAPCE
7.7104 ⇥ 10 11
1.0202 ⇥ 10 10

VAPI and VAPPB
2.8764 ⇥ 10 8
2.2801 ⇥ 10 8

VAPCE and VAPPB
9.1080 ⇥ 10 6
7.6546 ⇥ 10 6

Table 18: P-values comparing the average y-intercept and slope of the Cut Edge vs
Isoperimetric Score linear regressions during VAPI, VAPCE, and VAPPB

Intercept
Slope

VAPI
1.2032 ⇥ 10
9.9285 ⇥ 10

5
6

VAPCE
0.1497
0.1492

VAPPB
0.7759
0.7729

Table 19: P-values comparing the average y-intercept and slope of the Cut Edge vs
Isoperimetric Score linear regressions during the AA and prioritization sections of
VAPI, VAPCE, and VAPPB

The VAPCE runs resulted in low Isoperimetric Scores, but it would be useful to
know if that will always be the case. That is, is there a quantifiable relationship
between Isoperimetric Score and Cut Edge Score beyond the fact that they both
measure compactness? This was examined in the sections comparing Cut Edge Score
to Isoperimetric Score. While I found that there was a significant relationship between
Isoperimetric Score and Cut Edge Score in each section, it is important that I examine
how these relationships compare to one another.
I did linear regressions on each of the tests within the three types of runs. I
did linear regressions on at all the data from each test as well as well as linear
regressions on just the AA and prioritized sections (without the first 50,000 steps
of each subsection). First, I will examine how the overall results using all the data
compare.
Looking at Table 18, the p-values comparing the intercept and slope values for the
log transformed data are extremely small for all the comparisons between the various
runs. Therefore, we can reject the null hypothesis that the average intercept of any
of the three runs are the same, as well as the null hypothesis that the average slope
of any of the three runs are the same. Therefore, we can conclude that the linear
regression lines given by each of the runs are significantly di↵erent from one another.
Why this is has yet to be seen; first, I will compare the linear regression based on the
AA values to the regressions based on the prioritization functions.
Examining Table 19, it is clear that the intercept values for the VAPI run, as well
as the slope values, are significantly di↵erent from one another when the values are
split by sub-acceptance function. That is, the regression line for Cut Edge Score vs
Isoperimetric Score under AA is significantly di↵erent from the same regression line
for the scores under PI. Looking at the VAPCE p-value, we can see that while the
p-value is small, it is not small enough to confidently say that the sub-acceptance
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Intercept
Slope

VAPI and VAPCE
0.4174
0.4138

VAPI and VAPPB
0.7659
0.7787

VAPCE and VAPPB
0.6201
0.5973

Table 20: P-values comparing the average y-intercept and slope of the Cut Edge vs
Isoperimetric Score linear regressions during the AA sections of VAPI, VAPCE, and
VAPPB

Intercept
Slope

VAPI and VAPCE
0.3910
0.6672

VAPI and VAPPB
1.2240 ⇥ 10 6
6.1091 ⇥ 10 6

VAPCE and VAPPB
0.1644
0.1599

Table 21: P-values comparing the average y-intercept and slope of the Cut Edge
vs Isoperimetric Score linear regressions during the prioritization sections of VAPI,
VAPCE, and VAPPB

function of the VAPCE run matters in determining the intercept and slope of the
regression line. The VAPPB runs stands out with an exceptionally high p-value;
it is clear that we cannot reject the null hypothesis, and it is more likely that the
AA and PPB sub-acceptance functions both cause the same relationship between
Cut Edge Score and Isoperimetric Score to occur. This seems reasonable as the Cut
Edge Score and Isoperimetric Score did not seem to be a↵ected by the PPB subacceptance function during the VAPPB runs. In other words, I have shown that the
sub-acceptance prioritization function of a run may di↵er significantly from the AA
section, depending on what is prioritized.
Next, I want to see if the AA sections result in similar linear regressions across
runs. Thinking reasonably, they should, since they are the same sub-acceptance
function. And in fact, they do, as shown in Table 20. All these p-values are very
high, and suggest that the intercepts and slopes of the linear regressions on these runs
do not change depending on what prioritization sub-function is used in the wider scale
run when AA is not being implemented. This suggests that the equilibrium behavior
of the AA sections does not change based on what happens during the prioritization
sections of the run, which is as expected.
However, how the PI, PCE, and PPB sub-acceptance functions a↵ect the linear
regressions di↵erently is a more interesting question. In Table 21, we see there is no
significant di↵erence between the PI and PCE sub-acceptance functions in the VAPI
and VAPCE runs. However, the p-value when comparing the PI and PPB sections
of the VAPI and VAPPB runs is very low, suggesting that the intercepts and slopes
when prioritizing Isoperimetric Score or Population Balance are very di↵erent from
one another. PI and PPB show the most di↵erence, but PCE and PPB also show
slight di↵erence from one another.
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From these results I can say that although di↵erent prioritization functions may
give similar results, the prioritization function that is used during a run may also
result in significantly di↵erent intercepts and slops when looking at the log-log regression of Cut Edge Score vs Isoperimetric Score. However, though the slopes and
intercepts consistently end up slightly di↵erent, there is a general relationship that
can be examined between Cut Edge Score and Isoperimetric Score that is important
to consider. Though it is impossible to directly know what the Cut Edge Score of a
districting plan is based on its Isoperimetric Score alone, a pretty good guess can be
made base on this data.
These relationships were found based on districting plans that came from an idealized grid, rather than an actual state. My next goal was to investigate to what
extent these relationships would hold on an actual state such as Pennsylvania, which
is a much more complicated structure than a grid.

5.2

Pennsylvania

The graph of the state of Pennsylvania is a much more complex structure than the
idealized grids discussed in the previous section. While some states, such as Iowa,
have a more grid-like underlying county structure, Pennsylvania is much less organized. Therefore, in order to see how the results di↵ered, I ran the same tests I ran on
the idealized grid-state on the state of Pennsylvania. In figure 51, the districting plan
that I began all my runs on is shown. This starting map comes from the congressional
districts in the enacted congressional map from 2011. This particular map was determined by the Pennsylvania Supreme Court to be unlawfully gerrymandered; I chose
to use this map because the MCMC methods discussed in Section 3.4 generally start
by looking at a potentially gerrymandered map and trying to determine if it was,
in fact, gerrymandered. Therefore, I wanted to recreate the starting conditions that
people would use to detect gerrymandering. In the rest of this section I will conduct
a similar analysis of the state of Pennsylvania as I did on the idealized grid-state in
Section 5.1.
The runs based on VAPI, VAPCE, and VAPPB will for the rest of the paper be
referred to on the basis of which state they were run on; that is, I will refer to the
VAPI runs on Pennsylvania as VAPI-PA, and the VAPI runs for the idealized gridstate as VAPI-G. This will hold for the other acceptance functions as well. For each
of the VAPI-PA, VAPCE-PA, and VAPPB-PA runs, I used the AA sub-function for
500,000 steps and then switched to the run specific prioritization function for 500,000
steps. As I did for the grids, I determined that these numbers allowed for significant
ranges of values for each of the prioritized scores. In addition, I simply did not have
the computation time to run the program for a greater number of steps. For the same
reason, I only ran five tests for each acceptance function rather than ten.
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Figure 51: Starting map of the state of Pennsylvania

5.2.1

VAPI-PA

For a complete set of graphs representing the results of this section, see Appendix
A.4.
Isoperimetric Score
Once again, I will start by examining the results of varying the acceptance percentage of “worse” districting plans in terms of Isoperimetric Score. The evolution
of the Isoperimetric Score during the course of one of the VAPI-PA runs can be seen
in Figure 52. A similar pattern as was apparent in the VAPI-G runs is shown here;
the Isoperimetric Score increases and decreases dramatically with the change of subacceptance functions. The overall scores for the whole run are significantly higher for
Pennsylvania than they were for the grids, as can be seen in Table 22 and Figure 53,
but this is to be expected as the perimeters of the districts are significantly longer
than they were in the grid due to the more jagged nature of the districts, and the
overall ratio of perimeter to area is much higher for Pennsylvania than it was for the
grid.
One notable di↵erence between the VAPI-G and VAPI-PA runs is that the descent
of Isoperimetric Score takes more steps to decrease to its apparent minimum. Due to
limited computation time, I was not able to run the program for a significant enough
period of time to see the Isoperimetric Score during this section reach equilibrium.
That said, the Isoperimetric Score does level out somewhat after the steep decline.
A similarity between the VAPI-G runs and the VAPI-PA runs is that Isoperimetric
Score has a much smaller short term variance during the PI sections than it does
during the AA sections; this is very apparent just by looking at the graphs.
Cut Edge Score
Looking at the Cut Edge Score evolution that happens during the VAPI-PA runs
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Figure 52: Isoperimetric Score over the course of the 4 million steps of VAPI-PA

Min
test
1
2
3
4
5

AA
14057
14364
14915
14975
14940

PI
2640.4
2605.4
2478.9
2491.9
2408.6

Median
AA
PI
17421 3210.3
17308 3300.0
17234 3172.3
17212 3255.0
17014 3212.6

Max
AA
19658
19652
19559
19392
19545

PI
4639.5
4776.0
4326.0
4864.1
4777.0

IQR
AA
748.96
949.72
919.86
874.38
886.90

PI
648.75
586.53
748.17
792.17
645.24

Table 22: Minimums, Medians, Maximums, and IQR for Isoperimetric Score during
the AA and PI sections of the VAPI-PA runs

Figure 53: Boxplots of Isoperimetric Score during VAPI-PA runs. AA is on the left
of each pair, PI is on the right
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Figure 54: Cut Edge Score over the course of the 4 million steps of VAPI-PA

test
1
2
3
4
5

Min
AA
PI
7341 3708
7687 3734
7666 3657
7691 3612
7864 3565

Median
AA
PI
8552.0 4210.0
8518.0 4287.0
8477.0 4133.0
8508.0 4256.0
8491.0 4102.0

Max
AA
PI
9001 5214
8917 5212
8926 4910
8939 5236
8946 5013

IQR
AA
PI
166.0 596.0
175.0 457.0
194.0 491.0
179.0 536.0
213.0 439.0

Table 23: Minimums, Medians, Maximums, and IQR for Cut Edge Score during the
AA and PI sections of the VAPI-PA runs

as seen in Figure 54, it is apparent that the Cut Edge Score decreases sharply during
the PI sections. However, it is also clear that it does not level out significantly. This
suggests that the Cut Edge Score could have reach a much lower minimum if I had
used more steps during the PI subsections. In fact, the starting districting plan has
the lowest Cut Edge Score by a large margin. Another di↵erence between the Cut
Edge Score during VAPI-G and in VAPI-PA is that the Cut Edge Score varies less
during the AA portions in the VAPI-PA runs than it did in the VAPI-G runs. This is
reflected in the IQR shown in Table 23, in which the values for the AA IQR are much
less than the values in Table 2, even though the total number of Cut Edges is much
higher during the VAPI-PA runs simply because there are more edges between VTDs
in general. Other than that, however, the Cut Edge Score during the VAPI-PA runs
matches the behavior it showed during the VAPI-G runs. Box plots of the data in
Table 23 can be found in Figure 55.
Population Balance Score
The evolution of the Population Balance Score during the VAPI-PA runs, shown
in Figure 56, is much less “clean” than Population Balance Score was during the
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Figure 55: Boxplots of Cut Edge Score during VAPI-PA runs. AA is on the left of
each pair, PI is on the right

test
1
2
3
4
5

Min
AA
PI
0.2241 0.4669
0.1773 0.3569
0.2362 0.3689
0.1471 0.3518
0.2009 0.3651

Median
AA
PI
0.4529 0.5997
0.4409 0.5907
0.4448 0.5719
0.4434 0.5727
0.4422 0.5654

Max
AA
PI
0.6977 0.7352
0.6738 0.7543
0.6812 0.7850
0.6847 0.7768
0.6711 0.7453

IQR
AA
PI
0.0808 0.0696
0.0813 0.0773
0.0809 0.0888
0.0864 0.0894
0.0849 0.0747

Table 24: Minimums, Medians, Maximums, and IQR for Population Balance Score
during the AA and PI sections of the VAPI-PA runs

VAPI-G runs. That is, the di↵erence between Population Balance Score during the
AA and PI sections is less obvious and consistent. That said, it does have a similar
structure; the Population Balance Score gets higher and has less short term variance
during the PI sections than the AA sections. This can be seen in Table 24 and Figure
57, where the values for PI are consistently higher than the values for AA with the
exception of the IQR. From this, we can conclude that even in complicated graphs,
prioritizing Isoperimetric Score increases the Population Balance Score.
Cut Edge Score as a function of Isoperimetric Score
As in the grids, Cut Edge Score and Isoperimetric Score have a relationship to
one another in Pennsylvania, as can be seen in Figure 58. However, there are clearly
two parts to this graph; there is a part where the values show a pattern of some sort
of curve and another section that actually looks almost linear. Splitting the graph
into the AA and PI sections (using all steps in these sections, including those from
the transition periods) results in splitting these patterns. This can be seen in Figure
59.
60

Figure 56: Population Balance Score over the course of the 4 million steps of VAPI-PA

Figure 57: Boxplots of Population Balance Score during VAPI-PA runs. AA is on
the left of each pair, PI is on the right
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Figure 58: Comparison of the Cut Edge Score against the Isoperimetric Score during
a VAPI-PA run

(a)

(b)

Figure 59: Comparison of the Cut Edge Score against the Isoperimetric Score during
the (a) AA and (b) PI sections of a VAPI-PA run
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(a)

(b)

Figure 60: (a) Linear Regression of the Cut Edge Score against the log of the Isoperimetric Score during the PI sections of a VAPI-PA run and its (b) Residuals
test
1
2
3
4
5

Intercept
-16525
-15711
-15089
-15112
-15051

Slope
2565.29
2469.67
2385.04
2393.47
2373.78

R2
0.9821
0.9734
0.9848
0.9679
0.9650

Table 25: Parameters and R2 values for each Linear Regression on Cut Edges vs log
of Isoperimetric Score for PI sections during the VAPI-PA runs

Clearly, these results cannot be examined in the same way as they were when the
grids were used. There is too dramatic a di↵erence between the AA and PI portions,
to the point that the variables in each section should not even be transformed in the
same way as they were in the grids. Even just looking at the PI portions, which seem
most similar to the results from Section 5.1.2, we cannot use a log transformation on
both variables. When this is done, the result is still highly non-linear. I tried many
transformations, and the result that came closest to linear was achieved by transforming the independent variable, in this case the Isoperimetric Score, and leaving
the dependent variable, Cut Edge Score, as it was. This transformation, along with
a linear regression on its data and its residuals, is shown in Figure 60.
While the residuals do have a distinct shape to them, the vast majority of the
points lie on the left hand side of the residuals plot; this is because the the PI
sections are mostly made of points that are lower due to the sub-acceptance function.
Therefore, these residuals are acceptable. The results of the linear regressions on
the PI sections of these VAPI-PA runs are shown in Table 25. Because these linear
regressions used a di↵erent transformation, we must interpret the results in a di↵erent
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(a)

(b)

Figure 61: (a) Linear Regression of the Cut Edge Score against the Isoperimetric
Score during the AA sections of a VAPI-PA run and its (b) Residuals
test
1
2
3
4
5

Intercept
2827.1
3263.2
3084.5
3035.7
2887.4

Slope
0.3277
0.3027
0.3120
0.3175
0.3278

R2
0.9407
0.9153
0.9171
0.9083
0.9361

Table 26: Parameters and R2 values for each Linear Regression on Cut Edges vs
Isoperimetric Score for AA sections during the VAPI-PA runs

way.
CES =

16525 + 2565.29 ⇤ ln (IS)

(6)

In equation 6, a 10% unit increase in IS results in an increase in CES by 244.49 edges.
The R2 values are very high, and suggest a strong relationship between the scores.
For the AA sections of the VAPI-PA runs, there is actually a more linear relationship between Cut Edge Score and Isoperimetric Score. I ran linear regressions on the
AA sections of each of the tests; the results of one test are shown in Figure 61, and
the parameters from each test are shown in Table 26. While the R2 values for these
tests are not as high as they were for the PI sections, they are still all above 0.9 and
suggest a strong relationship between Cut Edge Score and Isoperimetric Score during
the AA sections of the VAPI-PA runs. Based on the first test, we find Equation 7.
CES = 2827.1 + 0.3277 ⇤ IS

(7)

In words, a 100 unit increase in IS results in an increase in CES by 32.77 edges.
All this information is very interesting; though on the idealized grid-state Cut
Edge Score and Isoperimetric Score also had a strong relationship that di↵ered be64

(a)

(b)

Figure 62: (a) Linear Regression of the Population Balance Score against the Isoperimetric Score during the PI sections of a VAPI-PA run and its (b) Residuals
test
0
1
2
3
4

Intercept
0.6351
0.6228
0.5985
0.6105
0.5897

Slope
1.0484 ⇥ 10
1.0587 ⇥ 10
8.9167 ⇥ 10
9.6306 ⇥ 10
8.6874 ⇥ 10

5
5
6
6
6

R2
0.6243
0.5638
0.4990
0.4931
0.4772

Table 27: Parameters and R2 values for each Linear Regression on Population Balance
Score vs Isoperimetric Score for the VAPI-PA runs
tween AA and PI sub-acceptance functions, the di↵erent maps required completely
di↵erent transformations on the variables. This suggests that the structure of the
graph as well as the acceptance function used on the graph is highly influential on
what relationship the Cut Edge Score and Isoperimetric Score will have, even if these
variables will always have a strong relationship.
Population Balance Score as a function of Isoperimetric Score
When looking at the Population Balance Score as a function of the Isoperimetric
Score the VAPI-PA runs show a general downward trend, similarly to the VAPI-G
runs. This suggests that a linear regression may be applicable. Therefore, I completed
a linear regression on these runs and compiled their coefficients into Table 27. An
example of one of these linear regressions is shown in Figure 62. However, the R2
values for these regressions were very low, and therefore finding these linear regressions
was not particularly helpful in understanding the relationship between Population
Balance Score and Isoperimetric Score when using the VAPI-PA acceptance function.
Population Balance Score as a function of Cut Edge Score
The Population Balance Score in comparison to the Cut Edge Score results in a
similar graph, shown in Figure 63. Once again, a linear regression on this data did
not provide any significant results.
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Figure 63: Comparison of the Population Balance Score against the Cut Edge Score
during a VAPI-PA run

5.2.2

VAPCE-PA

For a complete set of graphs representing the results of this section, see Appendix
A.5.
Cut Edge Score
Next, I will examine what happened to the districting plans in Pennsylvania when
I used the VAPCE acceptance function. I will start by examining the Cut Edge Score,
which is the score that is alternately prioritized during the VAPCE runs. Looking at
the graph in Figure 64, we can see that the Cut Edge Score rises and falls as the subacceptance function switches from AA to PCE. This is the same behavior as was seen
in the VAPCE-G runs. Like Isoperimetric Score during the PI sections of VAPI-PA,
the Cut Edge Score in VAPCE-PA does not entirely level out during the PCE sections,
though it does begin to have a less steep decline. If I had included a larger number of
steps in the PCE sections, we likely would have seen more leveling out. In addition,
the Cut Edge Score decreases very significantly during the PCE subsections, getting
even lower than the original plan during the course of the runs. These results further
support the idea that prioritizing Cut Edge Score is more efficient than Isoperimetric
Score at generating compact districting plans. These results can be seen in Table 28
and Figure 65 as well. I will also point out once again that during the AA sections,
the short term variation in the points is larger than during the PCE sections; this is
apparent in that the “line” created by the points is less fuzzy during the PCE section.
It may be noted that the IQRs for the PCE sections are routinely higher than the
IQRs in the AA sections; this does not negate the observation that the short term
variation is greater for the AA sections than the PCE sections, however, because the
while the overall range of values for the Cut Edge Score may be greater during the
PCE sections, the values take a larger amount of steps to change a significant amount
during the PCE sections than during the AA sections.
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Figure 64: Cut Edge Score over the course of the 4 million steps of VAPCE-PA

test
1
2
3
4
5

Min
AA PCE
7341 2071
7834 2085
7742 2219
7557 2048
7664 1987

Median
AA
PCE
8475.0 2451.0
8509.0 2448.0
8478.0 2539.0
8516.0 2424.0
8485.0 2379.0

Max
AA PCE
8887 3183
8961 3148
8924 3205
8931 3184
8917 3176

IQR
AA
PCE
189.0 323.0
176.0 310.0
185.0 307.0
198.0 366.0
193.0 322.0

Table 28: Minimums, Medians, Maximums, and IQR for Cut Edge Score during the
AA and PCE sections of the VAPCE-PA runs

Figure 65: Boxplots of Cut Edge Score during VAPCE-PA runs. AA is on the left of
each pair, PCE is on the right
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Figure 66: Isoperimetric Score over the course of the 4 million steps of VAPCE-PA

test
1
2
3
4
5

Min
AA
PCE
14057 1946.4
14461 1828.8
14826 2147.0
14555 1851.6
15020 1655.6

Median
AA
PCE
17064 2564.5
17338 2490.6
17248 2726.9
17246 2384.9
17023 2354.4

Max
AA
PCE
19658 3799.5
19539 3496.2
19412 3847.4
20129 3388.5
19087 3783.5

IQR
AA
PCE
893.89 506.33
804.70 517.56
777.76 482.85
888.47 457.77
906.09 594.09

Table 29: Minimums, Medians, Maximums, and IQR for Isoperimetric Score during
the AA and PCE sections of the VAPCE-PA runs

Isoperimetric Score
If the results from the runs on the idealized grid-state continue to be true in the
state of Pennsylvania, the Isoperimetric Score under the VAPCE acceptance function
would result in lower Isoperimetric Scores than during the VAPI-PA runs, and the
lower scores would be achieved in a fewer number of steps. Looking at Figures 66
and 67 as well as Table 29, we can see that this prediction holds. Figure 66 shows
a sharper change in slope after the initial descent during the PCE sub-sections such
that it starts to level o↵ much faster than during the VAPI-PA runs seen in Figure
52. Moreover, Table 29 in comparison to Table 22 shows that the values during the
prioritized sections are smaller during the VAPCE-PA runs than during the VAPIPA runs. All this mirrors the same conclusion that I came to after examining the
VAPCE-G runs. This is very important, as it is further evidence that prioritizing Cut
Edge Score actually results in better Isoperimetric Scores that decrease more quickly;
in addition, the fact that this holds true for both the state of Pennsylvania and the
idealized grid-state shows this result’s viability across multiple shapes of graphs.
Population Balance Score
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Figure 67: Boxplots of Isoperimetric Score during VAPCE-PA runs. AA is on the
left of each pair, PCE is on the right

During the VAPCE-G runs, the PCE sub-acceptance function did not a↵ect the
Population Balance Score in any detectable way. This suggested a yet another advantage to prioritizing Cut Edge Score rather than Isoperimetric Score. Unfortunately,
this does not hold true for the VAPCE-PA runs. In Figures 68 and 69, as well as
Table 30, we can see that much like in the VAPI-PA runs, the Population Balance
Score is for the most part higher during the prioritization sections than it is during
the AA sections. While the IQRs of the PCE sections are inconsistent, the overall
range of values in each section is much smaller in the PCE sections than it is during
the AA sections. This is definitely very interesting because prioritizing Cut Edge
Score in the idealized grid state had no detectable e↵ect on the Population Balance
Score, yet there is a very clear e↵ect on the Population Balance Score during these
VAPCE-PA runs. Based on these results, it is likely that the structure of a state’s
graph is important in determining the relationship between Cut Edge Score and Population Balance Score when Cut Edge Score is prioritized. Further research is needed
to determine if there are more state structures that result in Cut Edge Score not
having an e↵ect on Population Balance Score like in the idealized grid-state.
Cut Edge Score as a function of Isoperimetric Score
Now that I have examined all the scores individually, I will once again compare
them to one another. I will start by comparing the Cut Edge Score to the Isoperimetric
Score, which have consistently shown a strong relationship both on the idealized gridstate and on Pennsylvania. It should be noted, though, that the relationship di↵ered
depending on the state and acceptance function. Surprisingly, we can see in Figure
70 that the AA and PCE sections do not seem to have a significant di↵erence from
one another; instead, we see all the values clustered together as we did during the
grids. Due to this, I ran linear regressions on the resultant graphs when each score is
transformed by taking its natural log. The results of one of these linear regressions
69

Figure 68: Population Balance Score over the course of the 4 million steps of VAPCEPA

test
1
2
3
4
5

Min
AA
PCE
0.2068 0.3721
0.2078 0.3904
0.2018 0.3163
0.2117 0.3435
0.2007 0.4231

Median
AA
PCE
0.4594 0.5834
0.4453 0.5797
0.4475 0.5694
0.4566 0.5942
0.4493 0.6334

Max
AA
PCE
0.6977 0.7803
0.6811 0.7515
0.7179 0.7481
0.6893 0.8184
0.6620 0.7893

IQR
AA
PCE
0.0871 0.1008
0.0832 0.0697
0.0843 0.0680
0.0834 0.1236
0.0818 0.0929

Table 30: Minimums, Medians, Maximums, and IQR for Population Balance Score
during the AA and PCE sections of the VAPCE-PA runs

Figure 69: Boxplots of Population Balance Score during VAPCE-PA runs. AA is on
the left of each pair, PCE is on the right
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Figure 70: Comparison of the Cut Edge Score against the Isoperimetric Score during
a VAPCE-PA run
test
1
2
3
4
5

Intercept
2.7166
2.9050
2.7246
2.8736
2.8903

Slope
0.6491
0.6292
0.6478
0.6331
0.6315

R2
0.9980
0.9989
0.9984
0.9982
0.9971

Table 31: Parameters and R2 values for each Linear Regression on the log of Cut
Edges vs the log of Isoperimetric Score during the VAPCE-PA runs

is shown in Figure 71a, and the parameters for the linear regressions are shown in
Table 31. These are very high R2 values, and the residuals shown in Figure 71b are
also indicative of a well fit line. This is completely di↵erent from the results I found
during the VAPI-PA runs, and is much more similar to the results from the grids.
Even the slope and intercept values are similar! This is a truly fascinating result.
Population Balance Score as a function of Isoperimetric Score
While there did seem to be some e↵ect on both the Isoperimetric and Population
Balance Score by the PCE sub-function during the VAPCE-PA runs, there seems
to be little relationship between the two. An example of a comparison of the two
scores is shown in Figure 72. There is clearly no consistent relationship between
the two scores; this is interesting in and of itself, because it means that while the
Population Balance Score might increase and the Isoperimetric Score might decrease
during the PCE sub-function sections, they do not increase and decrease in relation
to one another. This is similar to the results from the grids during the VAPCE-G
runs.
Population Balance Score as a function of Cut Edge Score
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(a)

(b)

Figure 71: (a) Linear Regression of the log of the Cut Edge Score against the log of
the Isoperimetric Score during a VAPCE-PA run and its (b) Residuals

Figure 72: Comparison of the Population Balance Score against the Isoperimetric
Score during a VAPCE-PA run
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Figure 73: Comparison of the Population Balance Score against the Cut Edge Score
during a VAPCE-PA run

Examining the Population Balance Score as a function of the Cut Edge Score
yields no di↵erent results; based on the five runs, there is no consistent relationship
between the Population Balance Score and the Cut Edge Score that might yield
further insight into the two scores. An example of the results from one of these runs
is shown in Figure 73.
5.2.3

VAPPB-PA

For a complete set of graphs representing the results of this section, see Appendix
A.6.
Population Balance Score
Population Balance Score follows our expectations established from its behavior
during the VAPPB-G runs, as is visible in Figure 74. During the AA subsections,
the Population Balance Score rises very quickly to an equilibrium centered around
0.44, which is confirmed in Table 32 and Figure 75. It stays there for the duration of
the AA subsection, and then very quickly shoots down to near zero during the PPB
sections. It also has a much smaller IQR during the PPB sections, which can also
be seen in Table 32. This is exactly the behavior Population Balance Score showed
during the VAPPB-G runs. In this case, the Population Balance Score does not get
down to exactly zero because there is no easy way to divide Pennsylvania into 18
districts with the exact same number of people in them, unlike in the idealized state
grid in which each VTD had the same population and the graph was designed to be
divisible by the number of districts. The total population of Pennsylvania recorded
in the data I used for this thesis was 12,684,929, which is not divisible by 18.
Isoperimetric Score
The Isoperimetric Score does not, upon first glance, seem to be terribly a↵ected by
the PPB sub-acceptance function; the Isoperimetric Score seems to quickly stabilize
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Figure 74: Population Balance Score over the course of the 4 million steps of VAPPBPA

test
1
2
3
4
5

Min
AA
PPB
0.2170 0.0025
0.1937 0.0025
0.1917 0.0022
0.2099 0.0023
0.2053 0.0023

Median
AA
PPB
0.4426 0.0122
0.4509 0.0125
0.4424 0.0124
0.4377 0.0123
0.4434 0.0125

Max
AA
PPB
0.6828 0.0743
0.6939 0.0667
0.7066 0.0608
0.6658 0.0755
0.6800 0.0729

IQR
AA
PPB
0.0855 0.0058
0.0826 0.0058
0.0895 0.0058
0.0840 0.0058
0.0842 0.0059

Table 32: Minimums, Medians, Maximums, and IQR for Population Balance Score
during the AA and PPB sections of the VAPPB-PA runs

Figure 75: Boxplots of Population Balance Score during VAPPB-PA runs. AA is on
the left of each pair, PPB is on the right
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Figure 76: Isoperimetric Score over the course of the 4 million steps of VAPPB-PA

test
1
2
3
4
5

Min
AA
PPB
14623 16105
15069 15145
14629 15844
15093 15157
15524 16313

Median
AA
PPB
17335 17397
17237 17064
17416 17568
17114 16970
17740 17972

Max
AA
PPB
20129 18961
19245 18889
19905 19009
19383 18528
20282 19474

IQR
AA
PPB
844.36 631.46
832.76 915.41
886.26 808.70
875.26 649.20
828.73 697.92

Table 33: Minimums, Medians, Maximums, and IQR for Isoperimetric Score during
the AA and PPB sections of the VAPPB-PA runs

at around 17,500, and then stays within some range of there for the rest of the run.
This can be seen in Figure 76, and is supported by the data in Table 33 and Figure
77. However, while the IQRs of both the AA and PPB sections are similar, the
AA sections have a more consistent IQR. Moreover, the range of values for the AA
sections is generally greater, and from the boxplots in Figure 77, we can see that the
AA sections have many more outliers than do the PPB sections. All this shows that
there is di↵erence between the two sections; while the overall score is similar in both
sections, the values are more spread in the AA sections than they are in the PPB
sections.
Cut Edge Score
The evolution of Cut Edge Score during a VAPPB-PA run is shown in Figure
78; it reaches a score of about 8500 and stays in a range centered there for the
duration of the run. Table 34 shows some statistics from each section of the runs.
In this table, the only major di↵erences are in the minimum and the IQR. However,
looking at the scatter plot in Figure 78 and the boxplots in Figure 79, it is clear
that the AA minimums shown in the table are not representative of the equilibrium
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Figure 77: Boxplots of Isoperimetric Score during VAPPB-PA runs. AA is on the
left of each pair, PPB is on the right

test
1
2
3
4
5

Min
AA PPB
7557 8264
7712 8205
7609 8130
7855 8255
7778 8269

Median
AA
PPB
8537.0 8541.0
8523.0 8491.0
8498.0 8535.0
8549.0 8532.0
8582.0 8592.0

Max
AA PPB
8965 8848
8884 8860
8897 8827
8972 8925
9093 8880

IQR
AA
PPB
171.0 140.0
171.0 141.0
177.0 158.0
169.0 144.0
193.0 155.0

Table 34: Minimums, Medians, Maximums, and IQR for Cut Edge Score during the
AA and PPB sections of the VAPPB-PA runs

behavior. Indeed, it seems that Cut Edge Score takes a larger amount of steps to
reach equilibrium than the 50,000 steps that have been cut out of all the subsections
when making these tables. In order to correct this, I examined the Cut Edge Score
with the first 100,000 steps of each subsection cut out as opposed to only the first
50,000; the statistics that came from this new dataset are shown in Table 35. The
minimums are much higher for the AA sections in this table, though the rest of the
values are similar to what they were in Table 34. In either case, the IQR for the AA
section is much higher than it is for the PPB section. This suggests that prioritizing
Population Balance Score, though it may not a↵ect the median Cut Edge Score, does
keep the Cut Edge Score in a smaller overall range.
Cut Edge Score as a function of Isoperimetric Score
Looking at Figure 80, there seems to be a strong linear relationship between Cut
Edge Score and Isoperimetric Score during the VAPPB-PA runs. However, similarly
to the VAPPB-G runs, the vast majority of points on this scatterplot are in the top
right corner. In this case, I took the first 100,000 steps out of the dataset and replotted
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Figure 78: Cut Edge Score over the course of the 4 million steps of VAPPB-PA

test
1
2
3
4
5

Min
AA PPB
8095 8264
8045 8205
7994 8130
8136 8255
8140 8269

Median
AA
PPB
8542.0 8543.0
8524.0 8491.0
8504.0 8535.0
8544.0 8539.0
8581.0 8591.0

Max
AA PPB
8965 8848
8884 8860
8897 8827
8972 8925
9093 8880

IQR
AA
PPB
166.0 146.0
162.0 155.0
174.0 172.0
162.0 147.0
194.0 155.0

Table 35: Minimums, Medians, Maximums, and IQR for Cut Edge Score during the
AA and PPB sections of the VAPPB-PA runs without the first 100,000 steps of each
subsection

Figure 79: Boxplots of Cut Edge Score during VAPPB-PA runs. AA is on the left of
each pair, PPB is on the right
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Figure 80: Comparison of the Cut Edge Score against the Isoperimetric Score during
a VAPPB-PA run
test
1
2
3
4
5

Intercept
6548.9
6342.5
5817.2
6473.8
5819.0

Slope
0.1148
0.1263
0.1546
0.1213
0.1551

R2
0.3279
0.4887
0.5700
0.3809
0.5424

Table 36: Parameters and R2 values for each Linear Regression on the Cut Edges vs
the Isoperimetric Score during the VAPPB-PA runs without the first 100,000 steps

the points. The results are visible in Figure 81. While there still seems to be a shape
to the data, it is much less obvious. I ran linear regressions on each VAPPB-PA run
with the first 100,000 steps cut out. An example of one of these linear regressions and
its residuals is shown in Figure 82; the results of each regression is shown in Table
36. The R2 values here are not very high, but the parameters are rather consistent.
There is some evidence of a relationship here, but it is not very strong.
Population Balance Score as a function of Isoperimetric Score
Shown in Figure 83 is the relationship between Population Balance Score and
Isoperimetric Score; in it, we can see three basic sections; the two blobs on the right
where Isoperimetric Score is around 17,500 and the Population Balance Score is centered around 0.45 and just above 0, and the long tail on the left that leads to the two
blobs. The tail shows the start of run where Population Balance Score and Isoperimetric Score are both increasing. Then the Isoperimetric Score settles into a range
centered around 17,500 and the Population Balance Score bounces between the two
blobs as the AA and PPB sub-acceptance functions switch with one another. Overall, this graph doesn’t say anything new about the relationship between Population
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Figure 81: Comparison of the Cut Edge Score against the Isoperimetric Score during
a VAPPB-PA run without the first 100,000 steps included

(a)

(b)

Figure 82: (a) Linear Regression of the Cut Edge Score against the Isoperimetric
Score during a VAPPB-PA run without the first 100,000 steps and its (b) Residuals
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Figure 83: Comparison of the Population Balance Score against the Isoperimetric
Score during a VAPPB-PA run

Balance Score and Isoperimetric Score during the VAPPB runs.
Population Balance Score as a function of Cut Edge Score
Figure 84 shows the relationship between Population Balance Score and Cut Edge
Score during on of the VAPPB-PA runs. It is very similar to the Figure 83, and its
analysis is similar as well. Overall, Isoperimetric Score and Cut Edge Score act
similarly to one another during the VAPPB-PA runs.
5.2.4

Summary of Results on Pennsylvania

The purpose of examining the state of Pennsylvania was to determine if the same results from the idealized grid-state would be mirrored in a more complicated structure
such as Pennsylvania. Overall, our results were mixed.
When a particular score was prioritized, it acted very similarly to the way it
acted when it was prioritized on the idealized grid-state. All three rose very sharply
during the AA sections and decreased very sharply during the sections where that
score was prioritized. Moreover, they all showed the same behavior of showing more
short term variation during the AA sections than during the prioritization sections.
Population Balance Score especially had very short transition time between subacceptance functions. These were all things that I noticed with the idealized grid-state
that stayed the same in Pennsylvania.
One di↵erence was that it took many more steps for Cut Edge Score and Isoperimetric Score to reach equilibrium during their prioritization sections in Pennsylvania
than it had in the idealized grid-state; the number of steps I recorded during the
prioritization sections were not adequate in reaching that low equilibrium, though a
large range of scores was achieved.
When looking at the scores that weren’t prioritized, there are some more similarities. Notably, Isoperimetric Score is still able to reach much lower scores when Cut
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Figure 84: Comparison of the Population Balance Score against the Cut Edge Score
during a VAPPB-PA run

Edge Score is prioritized than when Isoperimetric Score itself is prioritized. This is
a very useful result, and it is very interesting that it remains true for Pennsylvania.
However, one way in which the VAPCE-PA runs di↵ered from the VAPCE-G runs is
that in the VAPCE-G runs, Population Balance Score was not a↵ected by the PCE
sub-acceptance function one way or the other; in the VAPCE-PA runs, the Population Balance Score is a↵ected by the PCE sub-acceptance function. Specifically, the
Population Balance Score rises slightly and its range drops slightly, which is similar to
the way the Population Balance Score acted both in the VAPI-G and VAPI-PA runs.
This is a key di↵erence between Pennsylvania and the idealized grid-state which is
important to take into account.
The largest di↵erence between the idealized grid-state and Pennsylvania seems
to be the relationship between Cut Edge Score and Isoperimetric Score. On the
idealized grid-state, while there were small di↵erences in the results depending on
the acceptance function, on Pennsylvania the results share little in common. In fact,
in all of VAPI-PA, VAPCE-PA, and VAPPB-PA, I was not able to examine any of
the results from di↵erent acceptance functions using the same method. In VAPI-PA,
I only log transformed Isoperimetric Score; in VAPCE-PA, I log transformed both
variables; and in VAPPB-PA, I did not transform either variable. VAPI-PA and
VAPCE-PA both had strong relationships between Cut Edge Score and Isoperimetric
Score despite this completely di↵erent analysis, which supports the idea that the
relationship between Cut Edge Score and Isoperimetric Score is very di↵erent based
on the acceptance function used to generate the districting plans that the scores came
from. The importance of this result is that there is no easy way to determine how
Cut Edge Score will act based on Isoperimetric Score; more analysis needs to go into
how and why their relationship changes.
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6

Conclusion

Gerrymandering is the process of dividing a state into districts with the specific
purpose of benefitting a particular political party. Modern gerrymandering research
is focused on being able to detect whether a particular plan has been gerrymandered.
To do this, researchers will generate a large sample of reasonable districting plans
using Markov Chain Monte Carlo (MCMC). Researchers also have had to devise
various measures of what makes a districting plan “reasonable”.
The goal of the research that I did was to investigate the relationships between
some of these measures of districting plans. Many have worked using MCMC to
determine if a districting plan is gerrymandered, but so far, there has been little
published research on how the various scores that determine the reasonableness of a
districting plan interact with one another. I wanted to see the e↵ects on other scores
when one score is controlled. Overall, I achieved some very interesting results.
The two measures of compactness I focused on in this paper were Isoperimetric
Score and Cut Edge Score. While these both measure compactness, they do so in very
di↵erent ways, with Isoperimetric Score focusing on the actual geography of a state
while Cut Edge Score looks at the relational geometry of the districts. In addition,
I also looked at the Population Balance Score of a districting plan, which measures
how balanced the total population is across the districts.
The way I controlled these scores was by changing the acceptance rates of scores
that were higher than the previous step in the Markov Chain of districting plans.
For each of the scores I looked at, a higher value meant a “worse” score. I created
an algorithm such that if a particular proposed districting plan had a higher score
than the previous districting plan in the chain, the algorithm would only accept the
new plan a particular percentage of the time. In my runs of these Markov Chains, I
alternated between that acceptance being 100% and 1%.
The results I got suggest that using Cut Edge Score in the prioritization of generated districting plans can lower the number of steps necessary to reach whatever
standards for compactness researchers have for their ensembles, allowing for more
efficient algorithms whether the measure of compactness being examined is Cut Edge
Score or Isoperimetric Score. Both in the idealized grid-state and in Pennsylvania,
when prioritizing Cut Edge Score in the VAPCE runs, the Isoperimetric Score was
able to reach lower scores than it was able to during the VAPI runs when Isoperimetric Score itself was prioritized; in addition, it reached these lower scores in a fewer
amount of steps than it took to reach its lowest scores during the VAPI runs. The
Cut Edge Scores were also lower in the VAPCE runs than they were during the VAPI
runs. Though Isoperimetric Score may be used more often than Cut Edge Score when
detecting gerrymandering, this shows it can be useful to take Cut Edge Score into account when creating ensembles of districting plans in order to detect gerrymandering
using MCMC methods.
Moreover, I found that Cut Edge Score and Isoperimetric Score were consistently
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highly correlated; though the exact nature of their relationship was di↵erent depending on the prioritization algorithm, I was able to consistently find some relationship.
This is as expected, since both scores will increase the more jagged the boundaries
of the districts are. However, the high degree of correlation is very interesting; moreover, knowing this relationship can help choose which measure to use in any given
situation.
On the idealized grid state, prioritizing Cut Edge Score also kept the Population Balance Score lower than when Isoperimetric Score was prioritized. During the
VAPI-G runs, Population Balance Score got higher when Isoperimetric Score was prioritized, while during the VAPCE-G runs, Population Balance Score kept its pattern
during both the prioritization sections and the sections without prioritization. This
is another potential benefit of using Cut Edge Score over Isoperimetric Score. While
this did not hold true for the state of Pennsylvania, it may hold true for more grid-like
states such as Iowa, and is an important result to keep in mind.
Finally, all of the VAPPB runs show that prioritizing Population Balance Score
does not result in any higher compactness scores for either Isoperimetric Score or
Cut Edge Score. While not unsurprising, this is important to have confirmed. This
means that when generating ensembles of districting plans, prioritizing Population
Balance Score will not result in a situation where measures of compactness need to
be controlled more, and will not result in a larger number of generated districting
plans with high compactness scores.

7

Future Works

There is still more work to be done in regards to this research. With more time, longer
runs can be examined for Pennsylvania, allowing for a more detailed understanding of
the relationship between scores when looking at a complicated state structure. This
would also allow for further examination of the asymptotic nature of the prioritization
sections. In both the idealized grid and Pennsylvania, it would be useful to examine
this practical minimum and consider why the minimum lies where it does. The
equilibrium range during the AA sections would also be useful to look at.
Di↵erent states with di↵erent structures should be examined so that it can be
confirmed if the results hold. Di↵erent idealized states could also be looked at; with a
di↵erent shape tiling the plane, such as triangles or hexagons, do similar results occur
to the square grid? Another change that could be made to the idealized grid-state is
to see what would happen if a smaller number of districts filled the same 48x48 grid,
and if having rectangular starting districts would lead to di↵erent results.
The VAPI, VAPCE, and VAPPB runs all had four cycles of AA and prioritization; an interesting question to look at more closely is if the behavior of the scores
significantly changed from one prioritization cycle to the next during the course of
a run. Another research area about the prioritization functions would be examining
the results of the runs if a di↵erent acceptance probability was used other than 1%.
83

Finally, more measures of compactness should be examined to see if there are any
other scores that benefit the generation of reasonable districting plans. Prioritizing
multiple scores, including multiple measures of compactness, could also be a possible
topic of interest.

84

Appendix
A
A.1

Scatter Plots
VAPI-G Results

Figure 85: Isoperimetric Score for VAPI-G

Figure 86: Cut Edge Score for VAPI-G
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Figure 87: Population Score for VAPI-G

Figure 88: Cut Edge Score vs Isoperimetric Score for VAPI-G

Figure 89: Population Score vs Isoperimetric Score for VAPI-G

86

Figure 90: Population Score vs Cut Edge Score for VAPI-G
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A.1.1

Linear Regressions

Figure 91: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric Score
for VAPI-G and their Residuals
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Figure 92: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric Score
for the AA sections of VAPI-G and their Residuals

89

Figure 93: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric Score
for the PI sections of VAPI-G and their Residuals
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Figure 94: Linear Regressions of Population Score vs Isoperimetric Score for VAPI-G
and their Residuals

91

A.2

VAPCE-G Results

Figure 95: Isoperimetric Score for VAPCE-G

Figure 96: Cut Edge Score for VAPCE-G

Figure 97: Population Score for VAPCE-G
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Figure 98: Cut Edge Score vs Isoperimetric Score for VAPCE-G

Figure 99: Population Score vs Isoperimetric Score for VAPCE-G

Figure 100: Population Score vs Cut Edge Score for VAPCE-G

A.2.1

Linear Regressions
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Figure 101: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric
Score for VAPCE-G and their Residuals
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Figure 102: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric
Score for the AA sections of VAPCE-G and their Residuals
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Figure 103: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric
Score for the PCE sections of VAPCE-G and their Residuals
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A.3

VAPPB-G Results

Figure 104: Isoperimetric Score for VAPPB-G

Figure 105: Cut Edge Score for VAPPB-G

Figure 106: Population Score for VAPPB-G
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Figure 107: Cut Edge Score vs Isoperimetric Score for VAPPB-G

Figure 108: Population Score vs Isoperimetric Score for VAPPB-G

Figure 109: Population Score vs Cut Edge Score for VAPPB-G

A.3.1

Linear Regressions

98

Figure 110: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric
Score for VAPPB-G and their Residuals
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Figure 111: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric
Score for the AA sections of VAPPB-G and their Residuals
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Figure 112: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric
Score for the PPB sections of VAPPB-G and their Residuals
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A.4

VAPI-PA Results

Figure 113: Isoperimetric Score for VAPI-PA

Figure 114: Cut Edge Score for VAPI-PA

Figure 115: Population Score for VAPI-PA

Figure 116: Cut Edge Score vs Isoperimetric Score for VAPI-PA
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Figure 117: Cut Edge Score vs Isoperimetric Score for AA sections of VAPI-PA

Figure 118: Cut Edge Score vs Isoperimetric Score for PI sections of VAPI-PA

Figure 119: Population Score vs Isoperimetric Score for VAPI-PA

Figure 120: Population Score vs Cut Edge Score for VAPI-PA

A.4.1

Linear Regressions
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Figure 121: Linear Regressions of Cut Edge Score vs Isoperimetric Score for the AA
sections of VAPI-PA and their Residuals

Figure 122: Linear Regressions of Cut Edge Score vs Log of Isoperimetric Score for
the PI sections of VAPI-PA and their Residuals
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Figure 123: Linear Regressions of Population Score vs Isoperimetric Score for VAPIPA and their Residuals
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A.5

VAPCE-PA Results

Figure 124: Isoperimetric Score for VAPCE-PA

Figure 125: Cut Edge Score for VAPCE-PA

Figure 126: Population Score for VAPCE-PA

Figure 127: Cut Edge Score vs Isoperimetric Score for VAPCE-PA
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Figure 128: Population Score vs Isoperimetric Score for VAPCE-PA

Figure 129: Population Score vs Cut Edge Score for VAPCE-PA

A.5.1

Linear Regressions

Figure 130: Linear Regressions of Log of Cut Edge Score vs Log of Isoperimetric
Score for VAPCE-PA and their Residuals

A.6

VAPPB-PA Results
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Figure 131: Isoperimetric Score for VAPPB-PA

Figure 132: Cut Edge Score for VAPPB-PA

Figure 133: Population Score for VAPPB-PA

Figure 134: Cut Edge Score vs Isoperimetric Score for VAPPB-PA

Figure 135: Population Score vs Isoperimetric Score for VAPPB-PA
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Figure 136: Population Score vs Cut Edge Score for VAPPB-PA
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A.6.1

Linear Regressions

Figure 137: Linear Regressions of Cut Edge Score vs Isoperimetric Score for VAPPBPA and their Residuals
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